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Pati et al. (2014): Setup

Let 3o, be a true sequence of covariance matrices. We observe
X = (x1,. . %) N, (0, Zon)
where X, is assumed to be of the form
Xon = AonAgy + Qon,  Aon € R, ko, < o, Qop = 03,1, (A0)
i.e., we assume the data are generated from a factor model
xi = Aonfi +ei,  fi ~ Ny, (0, Ixg,), € ~ Ny, (0, 55,1,,)
We model the data as

Xi K‘,’ an(07 En)a Z]n - AnArT + UI%IPn (1)



Pati et al. (2014): Setup

ASSUMPTION. There exist sequences of positive real numbers c,, s, with ¢, <'s, (ie.,
3C > 0 s.t. ¢y < Csp) such that:

(A1) Each column of Aq, belongs to h[ss; pa] := {A € R"" : |supp(A)| < sp}. ie. a
loading vector corresponding to each factor is s,-sparse.

(A2) 3 0'(()1) s.t. 0'(()1) <o, < cn

A3) (|1 — o kony /0B K0n

(A3)

Cn > n

(A4) lim cokor 5"'°gp"ﬁ_o k3/21/5"|0gp"(| og n)*/? = O(1)

Let Con be the clss of covariance matrices satisfying (A0)-(A4)

AgnAon — Iy,




Pati et al. (2014): Prior

e For the residual variance o,
o? ~ Gammal(a, b)
e Prior distribution on the number of factors k, 7, is assumed to be satisfy
mi(k > k) < exp(—Ck) 2)
for all k > ko for some ko and
7k (k = kon) > exp(— Cspkon log n) 3)

For example Poisson(1) satisfies (2) and (3) if log kon < s log n.



Pati et al. (2014): Prior

For the factor loadings Aju, j =1,...,pn, h=1,...,k,
e (PL1)

Ainlk, vy~ (1 =7)do + 78 ()
v ~ Beta(l, kkonpn + 1)
where g is an absolutely continuous density with exponential tails or heavier, e.g.,
standard double exponential density.
e (PS) for A = vec(A,) € RP¥,

Nk, 74y~ DE(rdy)

. « a

(¢1,..-,1/1p,,k—1) ~ Dlr(ﬂ,...,pnk>
pnk—1

Yook = 1-— Z Wby
=
T ~ Exp(1/2)

where DE(1)) denotes the double-exponential density with a density
f(x) = ﬁe"wi.



Pati et al. (2014): Posterior contraction rate

THEOREM. Suppose Yo, € Con With spkon 2 log pn, and model (1) is fitted with a prior
distribution on the number of factors satisfying (2) and (3). Assume independent priors
M(0?) = Gamma(a, b) on the residual variances and M(A|k)=(PL1) (or (PS)) on the
loadings. Then for any constant M > 0,

lim Ex,, M, (||>:n — Yonll > Men{x“)) —0
n—oo

[5nl
en:c,,kg,{2 @\/Iogn.

REMARK. The posterior contraction rate obtained in the above is equal to the minimax
rate up to a /log n term.

where



Knowles and Ghahramani (2011)

e Infinite factor model:

xi ENL0,8), T=AAT +Q

where A € RP** and Q = diag(c3, . .., 00).
o IBP prior:
Molvins 0~ (1= m)o +mN(0, 7, 1)
Yinla  ~ IBP(a)
a ~ Gamma(aa, ba)
h ~ Gamma(ar, b;)
(07)™" ~ Gamma(as, bs),

e Let Kt denote the effective factor dimension of [I'], that is the largest index K™ so
that v, = 0 for all k > K, j=1,---, p. Then for fixed

P
1
K™ ~ Poisson (az j>

j=1

which safisfies (2) and (3).



Knowles and Ghahramani (2011): Inference

Use Gibbs sampling, but with MH steps for sampling new factors.

Sample vy For j=1,...,p, h=1,... KT,
e The ratio of posterior probabilities for , being 1 or 0 is given by
Plyp=1X, =) _ Plyn=1=) PXJyn =1, -)
P(yjn = 01X, =) P(yjn = 0[=) P(X[yjn = 0,-)

mf',h Th 1 * *
= —2 —x €Xp (ETjh(ﬂjhf)v

P—=M—jn\ T

where m_j =37, v and

2
(o
J =1

R . 1 ¢
Tih = Z fii + Thy  Wjp = By Z fih(Xij - Aijhfi,fh)
0; (TJh) -1

Sample Ay For j=1,...,p, h=1,..., K™,
o If v = 1, sample Ajp ~ N(pjp, (Tj;)—l)_



Knowles and Ghahramani (2011): Inference
Adding new factor (Sample &;, update K*) For j=1,...,p,
e Let x; be the number of columns of T' = (yj») which contain 1 only in row j, that
is, the number of features which are active only for dimension j.
e The new x} and the corresponding 1 x x; loading vector A* are proposed by a MH
step with proposal distribution

J(kj) = (1—m)Poisson (¢a)+ wl(k; =1)

J

J(A*‘K;) = N"f (0,7’,:11,‘;;)4

where 7, ¢ are tuned parameters.
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Knowles and Ghahramani (2011): Inference
Sample «
e Sample the IBP parameter o from

P
p(al-) = Gamma <aa + K, bo + Z 1> ,
j=1
where K is the number of nonzero columns of Z.

Sample f, For i =1,...,n,
e Sample the latent factors f; from

p(fil=) o p(xilfi, =)p(fi)
= N(ATQTA+D)T'ATQ %, (ATQ A+ ) 7).

Sample 7, For h=1,..., K™,
e Sample the factor precisions 7, from

P
m
p(mh|—) = Gamma (aT + 711, b, + Zl /\12,,)
=

Sample ch2 Forj=1,...,p,

e Sample the noise variances 01-2 from

—_ n g
p((af) '|-) = Gamma (ag + > bs + ;(Xij - )Jf'.)2>



Knowles and Ghahramani (2011): Simulation
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Ro¢kova and George. (2017)

e Infinite factor model:

iid

Xi ~Ny(0,%), Z=AAT +Q

where A € RP*> and Q = diag(o1,...,03).
e Spike and slab Lasso prior:
Anlyjn -~ (1 = jn) DE(thok) 4 7pDE(t1)
Yjh ~ IBP(Oé)
(07)™" ~ Gamma(a,, bs),
with 91 > 1ox. DE(¢)) denotes the double-exponential density with a density
f(x) = ﬁeflxl/w
o ok, Y1 and « are fixed (e.g., Yo = 1/20, 11 = 1000, o = 1/p).

o If Yox — 0, we obtain a point mass mixture prior.



Appendix

LEMMA 1. If 2o, € Con, then for 7, = \/snkon/n,
Mo S0 — Sonll < 1) > exp(—Copkonlog 1)
LEMMA 2. Let
er = sokonlogn, tn= Ce2, 6, =en/(€ntn), On=0n/(Pnen)

and
W, = {|suppy; (As) < Hen, [ Al < tn,0° < t0)}, Vo= {k < Cen}

Then there exist the event A, € o(x1,...,x,) with Ps,, (A,) — 1 and constants
H, C > 0 such that

lim Ex,, [Ma(WE N Va|x™)1a] =0
n—oo

lim Es,, [Ma(Vie[x")14,] = 0
n—oo



