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Pati et al. (2014): Setup

Let Σ0n be a true sequence of covariance matrices. We observe

x(n) = (x1, . . . , xn)
iid∼ Npn (0,Σ0n)

where Σ0n is assumed to be of the form

Σ0n = Λ0nΛ
>
0n + Ω0n, Λ0n ∈ Rpn×k0n , k0n < pn, Ω0n = σ2

0nIpn (A0)

i.e., we assume the data are generated from a factor model

xi = Λ0nfi + εi , fi ∼ Nk0n (0, Ik0n ), εi ∼ Npn (0, σ2
0nIpn )

We model the data as

xi
iid∼ Npn (0,Σn), Σn = ΛnΛ

>
n + σ2

nIpn (1)



Pati et al. (2014): Setup

Assumption. There exist sequences of positive real numbers cn, sn with cn . sn (i.e.,
∃C > 0 s.t. cn ≤ Csn) such that:

(A1) Each column of Λ0n belongs to l0[sn; pn] := {λ ∈ Rpn : |supp(λ)| ≤ sn}. i.e. a
loading vector corresponding to each factor is sn-sparse.

(A2) ∃ σ(1)
0 s.t. σ

(1)
0 ≤ σ

2
0n ≤ cn

(A3)

∥∥∥∥ 1

cn
Λ>0nΛ0n − Ik0n

∥∥∥∥
2

= o

(
k0n

√
log k0n

n

)

(A4) lim
n→∞

cnk
3/2
0n

√
sn log pn

n

√
log n = 0; k

3/2
0n

√
sn log pn

n
(log n)3/2 = O(1)

Let C0n be the clss of covariance matrices satisfying (A0)-(A4)



Pati et al. (2014): Prior

• For the residual variance σ2,

σ2 ∼ Gamma(a, b)

• Prior distribution on the number of factors k, πk is assumed to be satisfy

πk(k > k̃) ≤ exp(−Ck̃) (2)

for all k̃ ≥ k̃0 for some k̃0 and

πk(k = k0n) ≥ exp(−Csnk0n log n) (3)

For example Poisson(1) satisfies (2) and (3) if log k0n ≤ sn log n.



Pati et al. (2014): Prior

For the factor loadings λjh, j = 1, . . . , pn, h = 1, . . . , k,

• (PL1)

λjh|k, γ ∼ (1− γ)δ0 + γg(·)
γ ∼ Beta(1, κk0npn + 1)

where g is an absolutely continuous density with exponential tails or heavier, e.g.,
standard double exponential density.

• (PS) for λ̃ = vec(Λn) ∈ Rpnk ,

λ̃j |k, τ, ψj ∼ DE(τψj)

(ψ1, . . . , ψpnk−1) ∼ Dir

(
α

pnk
, . . . ,

α

pnk

)

ψpnk = 1−
pnk−1∑
j=1

ψj

τ ∼ Exp(1/2)

where DE(ψ) denotes the double-exponential density with a density
f (x) = 1

2ψ
e−|x|/ψ.



Pati et al. (2014): Posterior contraction rate

Theorem. Suppose Σ0n ∈ C0n with snk0n & log pn, and model (1) is fitted with a prior
distribution on the number of factors satisfying (2) and (3). Assume independent priors
Π(σ2) = Gamma(a, b) on the residual variances and Π(Λ|k)=(PL1) (or (PS)) on the
loadings. Then for any constant M > 0,

lim
n→∞

EΣ0nΠn

(
‖Σn − Σ0n‖2 > Mεn

∣∣x(n)
)

= 0

where

εn = cnk
3/2
0n

√
sn log pn

n

√
log n.

Remark. The posterior contraction rate obtained in the above is equal to the minimax
rate up to a

√
log n term.



Knowles and Ghahramani (2011)

• Infinite factor model:

xi
iid∼ Np(0,Σ), Σ = ΛΛ> + Ω

where Λ ∈ Rp×∞ and Ω = diag(σ2
1 , . . . , σ

2
p).

• IBP prior:

λjh|γjh, τh ∼ (1− γjh)δ0 + γjhN(0, τ−1
h )

γjh|α ∼ IBP(α)

α ∼ Gamma(aα, bα)

τh ∼ Gamma(aτ , bτ )

(σ2
j )−1 ∼ Gamma(aσ, bσ),

• Let K+ denote the effective factor dimension of [Γ], that is the largest index K+ so
that γjh = 0 for all k > K+, j = 1, · · · , p. Then for fixed α

K+ ∼ Poisson

(
α

p∑
j=1

1

j

)

which safisfies (2) and (3).



Knowles and Ghahramani (2011): Inference

Use Gibbs sampling, but with MH steps for sampling new factors.

Sample γjh For j = 1, . . . , p, h = 1, . . . ,K+,

• The ratio of posterior probabilities for γjh being 1 or 0 is given by

P(γjh = 1|X,−)

P(γjh = 0|X,−)
=

P(γjh = 1|−)

P(γjh = 0|−)

P(X|γjh = 1,−)

P(X|γjh = 0,−)

=
m−j,h

p −m−j,h

√
τh
τ∗jh

exp

(
1

2
τ∗jh(µ∗jh)2

)
,

where m−j,h =
∑

l 6=j γlh and

τ∗jh =
1

σ2
j

n∑
i=1

f 2
ih + τh, µ∗jh =

1

σ2
j (τ∗jh)2

n∑
i=1

fih(xij − λ>j,−hfi,−h)

Sample λjh For j = 1, . . . , p, h = 1, . . . ,K+,

• If γjh = 1, sample λjh ∼ N(µ∗jh, (τ
∗
jh)−1).



Knowles and Ghahramani (2011): Inference
Adding new factor (Sample κj , update K+) For j = 1, . . . , p,

• Let κj be the number of columns of Γ = (γjh) which contain 1 only in row j , that
is, the number of features which are active only for dimension j .

• The new κ∗j and the corresponding 1× κ∗j loading vector λ∗ are proposed by a MH
step with proposal distribution

J(κ∗j ) = (1− π)Poisson (φα) + πI (κ∗j = 1)

J(λ∗|κ∗j ) = Nκ∗j (0, τ−1
h Iκ∗j ).

where π, φ are tuned parameters.



Knowles and Ghahramani (2011): Inference
Sample α

• Sample the IBP parameter α from

p(α|−) = Gamma

(
aα + K+, bα +

p∑
j=1

1

j

)
,

where K+ is the number of nonzero columns of Z.

Sample fn For i = 1, . . . , n,

• Sample the latent factors fi from

p(fi |−) ∝ p(xi |fi ,−)p(fi )

= N((Λ>Ω−1Λ + I)−1Λ>Ω−1xi , (Λ
>Ω−1Λ + I)−1).

Sample τh For h = 1, . . . ,K+,

• Sample the factor precisions τh from

p(τh|−) = Gamma

(
aτ +

mh

2
, bτ +

p∑
j=1

λ2
jh

)

Sample σ2
j For j = 1, . . . , p,

• Sample the noise variances σ2
j from

p((σ2
j )−1|−) = Gamma

(
aσ +

n

2
, bσ +

n∑
i=1

(xij − λ>j fi )
2

)



Knowles and Ghahramani (2011): Simulation



Ročková and George. (2017)

• Infinite factor model:

xi
iid∼ Np(0,Σ), Σ = ΛΛ> + Ω

where Λ ∈ Rp×∞ and Ω = diag(σ2
1 , . . . , σ

2
p).

• Spike and slab Lasso prior:

λjh|γjh ∼ (1− γjh)DE(ψ0k) + γjhDE(ψ1)

γjh ∼ IBP(α)

(σ2
j )−1 ∼ Gamma(aσ, bσ),

with ψ1 � ψ0k . DE(ψ) denotes the double-exponential density with a density
f (x) = 1

2ψ
e−|x|/ψ.

• ψ0k , ψ1 and α are fixed (e.g., ψ0k = 1/20, ψ1 = 1000, α = 1/p).

• If ψ0k → 0, we obtain a point mass mixture prior.



Appendix

Lemma 1. If Σ0n ∈ C0n, then for ηn =
√

snk0n/n,

Πn(‖Σn −Σ0n‖ ≤ ηn) ≥ exp(−Csnk0n log n)

Lemma 2. Let

en = snk0n log n, tn = Ce2
n , δn = εn/(entn), δ′n = δn/(pnen)

and
Wn = {|suppδ′n (Λn) ≤ Hen, ‖Λn‖1 ≤ tn, σ

2 ≤ tn)}, Vn = {k ≤ Cen}

Then there exist the event An ∈ σ(x1, . . . , xn) with PΣ0n (An)→ 1 and constants
H,C > 0 such that

lim
n→∞

EΣ0n [Πn(W c
n ∩ Vn|x(n))1An ] = 0

lim
n→∞

EΣ0n [Πn(V c
n |x(n))1An ] = 0


