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Regression models with the lagged variable

e Fort=1,..., T, let Y; be a response variable at time t and x; an exposure in
which we are interested. We have pairs of the observations

{(Ytaxtaxt—h . ,thL)}t:LJrl,m,T
e We want to estimate a regression function
g(E( Yt)) = h(Xt7 cee >Xt7L)

where g is a link function.

e Impose additivity:
8(E(Y)) = ho(xe) + hi(xe—1) + -+ + hu(xe—1)
o Distributed lag nonlinear model: set h/(x) = s(x, /)
g(E(Y2)) = s(x:,0) + s(xe_1,1) + - + s(xe_1, L)

for a bi-dimensional function s.






DLNMs use tensor-product splines. For two sets of basis functions {b;}/_;, {ck}iz1,

L

Zs(xt_/, )

1=0
L

= > 3> abilx-1)By

j=1 k=

g(E(Y))

= xﬂ~

where

x = <Z a(N)br(xe—1), ZCZ(I)bl(Xt / ZCK(I)bJ(Xt /))

1=0

B = (Pu,fo,...,5Bk)
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Trial

Back to the additive structure:

L g
g(E(Y:)) = ho(xe) + hi(xe—1) + -+ + hi(xe—1) = Z bi(x:—1)By
=0 j=1
Letﬁ(l):(ﬁllw'wﬁll)-r:/:O LandBU (BJO,“wﬂ )T7j:17'“7~j
,8(1) o I@(J’) o ﬂ(J)
Bor ... Boj ... Bosq By for ho
Bu ... By ... Pu| B for
[‘3/1 e ﬁlj e BIJ ,@(/) for hy
Bu ... By ... B B for h

Obtain ,@ by solving
J .
argmin —log L(5) +A12||D Bl +r2 Y 1105787
1=0 j=1

where ka“) € RU—kXJ, DékZ) € R(EFI=h)X(LHD) gre the discrete difference operators
of orders ki and k» respectively.



dinm with J=3 K=3 dinm with J=3 K=6 fused lasso J=5
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On asymptotically optimal confidence regions and tests for high-dimensional
models.

Van de Geer, S. et al., 2014, AoS



o Consider a high dimensional regression model

Y =X8" +e¢

with n x p fixed or random design matrix X and e ~ N(0, o2/) independent of X
e Want uncertainty quantification for Lasso estimator

~ 1
By = argmin 2—|| Y — X85+ Al Bl
BeERP 2N
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Desparsified lasso

o It is well-known that the lasso estimator fulfills the KKT conditions:
—%XT(Y —XB)+ A& =0
[#]loc < 1 and &; = sign(B)) if B; # 0
which can be rewritten with the notation ¥ = XTX/n:
PPN 1
Y(B - 8%+ Ik = ;XTG
e Suppose that O is a reasonable approximation for an inverse of f then
BB +Bri=10XTc— La
n vn
where . .
A:=/n(OT - 1)(3-5)

e A is asymptotically negligible under certain sparsity assumptions. This suggests the
following estimator
o PO BN

b=pB+0xa =08+ ;@XT(Y X3)



e With a suitable @, we can obtain
Vn(b— ) = W + op(1), W|X ~N (o, aiéféT)
e An asymptotic pointwise confidence interval for BJQ is then given by

[Bj - C(a7 n, 0'5), Bj + C(O‘a n, UE)]

c(a, n, o) = 711 — af2)o./ (OZOT);;/n
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e To construct the approximate inverse é we use the nodewise lasso. Let

~ H 1
A = argmin 2—||XJ = Xz + Mllvlh
vere—1 £N
~2 1 A 4
o= X X_j33113 + X431
e Define
élasso = 7'\-—2f
where
1 “H2 o e
A1 1 e =M
_'?p,l _;;/Pyz e 1
1\—2 = dlag(7°127 .. )%p2)

e From the KKT conditions, ||),f(éjl-ass°)—r — gillee < Nj/F
o Let 1
Blasso _ B + ;élaSSOXT(Y _ XB)
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Theoretical result

(A1) Let So = {j : BY # 0} be the active set of variables and sy = |So| be its cardinality.

Assume the sparsity
so = o(v/n/ log(ps))

(A2) The rows of X are i.i.d. realizations from a Gaussian distribution whose
p-dimensional inner product matrix ¥ has strictly positive smallest eigenvalue A%,
sat|sfy|ng 1/A2,, = O(1). Furthermore, max; ¥;; = O(1).

(A3) © := X7 is low sparse. i.e, letting s; = {k # j : ©; « # 0}, then

mjaxsj = o(n/log(ps))



THEOREM. Consider the linear model with Gaussian error with o2 = O(1), and assume
(A1)-(A3). Consider a suitable choice of the regularization parameters A < +/log(p)/n
and \; < y/log(p)/n uniformly in j for the lasso for nodewise regression. Then

\/E(Blasso _ 60) =W+A

W = iéla550)<'|'6 ~ N,,(O, Ugﬁ), ﬁ _ (élaSSO)TiélaSSO
n
[Allos = 0r(1).
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Implications

e For a one-dimensional component 3] (with j fixed), we obtain for all z € R

\/E(B}asso _ ﬁjo)
Oe\/ ﬁj,j

e For any fixed group G C {1,..., p}, we obtain for all z € R

P < z'x — &(2) = op(1).

n Bllasso _ A0 W
P maxM gz’X -P maxM gz‘X = op(1).
JEG ~ JjEG o~
0c\/ S oc\/ S

rlasso
n|bj |

Conditionally on X, the asymptotic distribution of max;c¢ L under the
o/ Qj

null-hypothesis Hp : ﬂjp =0V, € G is asymptotically equal tot eh maximum of
dependent x?(1) variables max;cg W1 whose distribution can be easily
oe\/ Q) j

simulated since €2 is known.



