Wavelets and high order numerical differentiation
Chu-Li Fu, Xiao-Li Feng, Zhi Qian

Baek Gyuseung

Seoul National University
January 10, 2017



@ Introduction

@® Wavelet regularization

© Numerical experiments



@ Introduction



Goal

o Approximate (K)(x) by using (finite) wavelet transformation

e Use Meyer wavelet function



Definition & Assumption

o |[-]': L2(R) norm
|- ||p : norm on Soblev space H*(R)

1Fllp = ( | a+ 52)"\?)5)\%5)1/2

—00

e Assume f € CK(R) [ H¥(R)

e f5(x) € L?(R) : measured data
e <,>: L%(R)-inner product



Meyer wavelet

e ¢(x),1(x) : Meyer scaling and wavelet function

1 \x|<%7r
o(w) = cos(%u(%|w]—1)) %ﬂﬁ‘W’ﬁ%ﬂ'
0 lw| > 37
0 ifx<o
where v(x) = — and v(x)+v(l —x) =1 for
(=1, rsy V00 +u(1-)

x €(0,1)



Meyer wavelet

1/,;,(;/5 have compact support.
Ve Coo — (ﬁ,wﬂlga@ € COO

Vj = span {¢jc : k € Z}
P; : orthogonal projection of g € L2(R) on V;

Pig =Y <g > b

kEZ



@® Wavelet regularization



Approximation theorem

f e CK(R)NH*(R) : exact data, f5(x) € L2(R) : noise data
with

Ifs — fl] <o (1)

We want to approximate f(¥)(x)
A priori condition : f € HP(R) for some p > k and

Ifllp < E (2)

k . . .
Dy = & . differentiation operator

We define the wavelet regularization approximation of
F(K)(x) = Dif(x) as

Dy jf5(x) := Di(Pjf5(x))



Approximation theorem

Theorem Suppose condition (2) holds for some p > k and (1)

holds. Take
E\ /P
= — 1
J 08> <5> +
Then, the following inequality holds :
||Dkf — Dy g+ 5| < (1 +2C)EX/PgL=K/P (3)

where C is a positive constant



Approximation theorem (continued)

If we choose J** as
+1

1/p
= [|Qg2 <(13>

, then we get a result similar to (3)

|| Dif — Dy g5l < (C + (1 + C)E)*—/P



© Numerical experiments



f(x): x €[0,1] : true function

F=(f(a),--

< x128 =1 : equidistant grid.

()

Fs = F + ernorm(128)

5=\ XIB (Fs(x) — F(x)?

Settings



result

Eyre—

=exp (2
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