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Abstract

= Construct a new estimator, called aggregate

= The aggregate consist of a simple recursive procedure which solves an
auxiliary stochastic linear programming problem

= The aggregate satisfies sharp oracle inequalities under some general
assumptions

= The results are applied to several problems - regression, classification,
density estimation
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Terminologies in Model selection

= Given a collection of M estimators, construct a new estimator which is
nearly as good as the best among them w.r.t. a given risk criterion

= (Z,%) : measurable space (data)

= O is a M-dim simplex (set of a weight for each estimator)

M
©=S0eR":> W =10">0j=1,M
j=1
= Z: r.v with values in Z, P : distribution of Z, E : corresponding
expectation

= Observed ni.id. rvs: Zy,--+ ,Z, ~ P
Pn, E, : joint distribution and the corresponding expactation of Z1, -, Z,
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Model selection

= Q:Z x 0O — R : measurable function (loss)

= Average risk function corresponding to @ :

A9) = EQ(Z,0)

= Aim : “mimic the oracle” min; A(e)) (e : j-th coordinate unit vector in RM)
Construct an estimator 0, m'sble w.r.t. Zi,---,Z, s.t.
5y < i ‘
E,A(0,) < 1'5“,-'_<nMA(e’) + Anm 0
= min _A(0)+ Anm

0€{er, - em}

= A, M remaindeer term, should be as small as possible
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Example

» H=(h1,--- ,hm)" : a vector of preliminary estimators constructed from a
training sample
= supposed to be frozen in this thesis (each h; is a fixed function)

» Q(z,0) = (2,07 H) for some loss function /
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Goal

= Under some assumption, the smallest possible value of A, in @ minimax
sense has the form Clog M
0
Do = ——2= 2)

with some constant C > 0

« Constuct 0§, satisfies (1), (2)
= Selector cannot achieve (2) - “Model Mixture” rather than Model selection
= construct én with Mirror algorithm
« 0, satisfies (1), (2)
= Some examples
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Suboptimality of selectors

= Q(z,0) = %QTG —2'0,z€ RM : squared loss

= PX. M dimension gaussian distribution w/ mean %w#/lek and the

covariance matrix o2/

Proposition 2.1. Let Q be the squared loss function. Assume that we observe
i.i.d. random vectors Zy,- - - , Z, with the same distribution as Z. Denote by EX
the expectation w.r.t. the sample Zi,--- , Z, when Z has distribution Px. Then
there exists an absolute constant ¢ > 0 s.t.

log M
n

of sup JESAUT) - min, Aue) | = e 3)

n k=1, M

where the infimum is taken over all the selectors T,
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Mirror algorithm

= The name mirror averaging reflect the fact that the algorithm does a
s.g.d. in the dual space with further “mirroring” to the primal space and
averaging.

= If Ais convex, then we can bound it from above by a linear function:
M -
AB) < S 69A(e) 2 A(6)
j=1

where A(0) = EQ(Z,6) with
Q(Zv 0) £ QT U(Z)v U(Z) £ (0(27 e1)7 ) Q(Zv eM))T

Then A(e)) = A(g) for all j and mingeo A(0) = mini<j<m A(e)) since © is
a simplex.
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Mirror algorithm

» For 8> 0, define the function W; : RM — R by

1 .0
A —2//8

Ws(z) = Blog o Z e 4

= The gradient of Wjs is given by
M
We = |- S
,(-}(Z) - | M )//8 S

« Let uj = u(Z). Then u; = VoQ(Z;,6).
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Mirror algorithm

Fix the initial calues 6y € © and ¢ € RV

Fori=1,---,n—1, do the recursive update
Ci=Ci—1+ ui
- (5)
b = =V Ws(G)

Output at iteration n the average

o 1<
On =~ ;9,-,1 (6)

The “mirroring” function VW; maps the variables ¢; € (R, I..) to (©, h)
W in (4) is not the only possible choice.

Examples
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Main results

Let Q1 be the function on Z x © x © defined by
Qi(2,0,0") = Q(z,0) — Q(z,0') for all z€ Z and all 0,6' € ©.

Theorem 4.1. Assume that Q; can be decomposed into the sum of two
functinos @1 = Q> + Q3 such that:
= The mapping 0 — —Q2(z,0,6")/3 is exponentially concave on the simplex
O, forall ze Z,0' € ©, and @(z,0,0) =0forallze Z,0 € ©
= There exists a function R on Z integrable with respect to P and such that
@s(2,0,0) < R(z), forall ze 2,0, € ©.
Then the aggregate 8, satisfies, for any M > 2, n > 1, the following oracle

inequality:
A . _ BlogM
Ev1A(B,) < min A(e) + 5% + EIR(Z)]
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Main results

Theorem 4.2. Assume that for some 3 > 0 there exists a Borel function
W5 : © x © — R4 such that the mapping  — Wg(6,0’) is concave on the
simplex © for any fixed 6 € ©, W3(0,0) =1 and

Eexp(Qi(Z,6,60)/8) < Ws(6,0') for all 6,6" € ©. Then the aggregate 0,
satisfies, for any M > 2, n > 1, the following oracle inequality:

BlogM
n

Ex-1A(f:) < min A(e) + + ER(2)].
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regression model

Corrollary 5.1. Consider the regression model Y = f{X) 4 £ where

XeX, YER,f: X -5 R and £ = Y— f(X) is a real-valued random variable
satisfying E(£|X) = 0. Assume also that £(Y?) < co and

[|filloo < L,j=1,---, M, for some finite constant L > 0. Then for any positive
constants B > (4L + 2) 2lB<b< 1/4 and any 8 > (b/B)?, the aggregate
estimator 7,(x) = 0, H(x), x € X, where 8, is obtained by the mirror averaging
algorithm, satisfies

ﬁlogM

+ E[Rs(Y)] (7)

. 2 H 2
Eovillfa— A < i, (16— . +

where R

412y
Ro(Y) = 4LIylgy=8sy + —ga-Tibvm<ii<en)

» If|Y] < Lo and 8> 16L3, Rs(Y) =0
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regression model

Corrollary 5.6. Consider the regression model Y = f{X) + £ where

Xe X, YeR,f: X - R and, conditionally on X, the random variable

¢ = Y— f(X) is Gaussian with zero mena and variance bounded by ¢®. Assume
that ||f— f||o < L, for some finite constant L > 0. Then for any

B > 202 + 202, the aggregate estimator f,(x) = 0, H(x), x € X, where 0, is
obtained by the mirror averaging algorithm, satisfies

3 P (8)

Enallfo — fl3py < min, 116~ 1

where
412y
By HbvA<li<ss)

Rs(Y) = ALly|L{jy>Bsy +
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