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Setting

Family of probability measures {Py : § € O} on a sigma
field A

Estimator §: measurable map from 2 to ©
L(0,0): loss function
» Maximum risk R(©,6) := supycq EoL(8, 6)

m Minimax risk with a minimax estimator 6,,,,,

R(©) = inf sup EyL(6, 0) = sup EgL(@mm, 0).
0 0co 0cO



Preliminaries

0000000000000 0

Why minimax?

m Uniformity excludes super-efficient estimators
m Optimal rates reveal the difficulty in the model of interest

m Guidance on the choice of estimators
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Various distances

P, Q: two probability measures with densities p,q w.r.t v.
m Total variation distance

V(P.Q) = sup [P(4) - Q(4) = sup ] [ - aa

m Squared Hellinger distance
R(PQ) = [V - g2 Pa
m Kullback—Leibler (KL) divergence
KL(P,Q) = /plogZdy.
m Chi-squared y? distance

C(P.Q) = /’jdv— 1.
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Relation between distances

P, Q): two probability measures with densities p,q w.r.t v.
LA(P,Q) < V(P,Q) < h(P,Qn/1 - G2

V(P,Q) < h(P,Q) < /KL(P,Q) < /x*(P,Q)
R2(P™, Q") < nh?(P,Q)

(Pinsker) V(P,Q) < 4/ % and

V(Pv Q) <1l- %exp(—KL(P, Q))
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Relation to Bayes estimator

Let 01 be Bayes estimator using a prior II.

Least favourable prior gives a maximal Bayes risk (BR) for
all prior distributions

If Bayes risk of én is equal to a maximal risk of én, then én
is minimax, and II is least favourable.

If maximal risk of 8 is equal to lim,,_,,, BR of éHn,
converging limit of Bayes risks with a sequence of priors
(which is at least any Bayes risk for any prior), then 0 is
minimax.
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Examples of minimax estimator

Sample mean
m Let X; beiid. N(0,1),i=1,...,n and let
L(6,6) = (0 — 0)2.
m X is minimax with a sequence of prior IT, = N(u, b) since
Or, = (nX + p1/b)/(n + 1/b) and the posterior variance
1/(n -+ 1/b) converges to 1/n as b — oo, which is equal to
Var(X).
James—Stein estimator
m Let X ~ Nd(ﬂ Id) where d > 3, and let
L(6,6) = Y21, (0 — 6:)*.
® Minimax estimator f,,,, (dominating X) is found as
O = (1 = 0) X
® But 0y, is not unique minimax (and not admissible). For

instance, positive part estimator (1 - == 2X2> X
=1 +

dominates 0,,,,.
6/ 44
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risk function (d=4)
2
!

— JS, Minimax
---- X, MLE, UMVUE
— — Positive JS, Minimax

7/ 44
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Minimax optimality

m Usually difficult to find minimax risk and minimax
estimator.

m Typically satisfied if we find a ‘good’ lower bound ¢(n) on
R(©) and if we find a ‘good’” upper bound u(n) by using a
specific estimator 8, where

{(n) < R(©) < supEyL(h,0) < u(n) (1)

0O
i )
n—00 E(n)

m If 6 satisfies (1), then @ is called a minimax optimal
estimator.



Preliminaries

0O0000000e00000

Possible questions

In a nonparametric regression problem where the regression
function 0 satisfies some smooth conditions (e.g. twice
conti. differentiable), with the squared error loss function
at one point, what is a minimax lower bound? That is,

sup Eg(0(z0) — 0(x0))% > .7
0cO
In a density estimation problem where a density f on R is
assumed to be s times differentiable, with the integrated

squared error loss function, what is a mnimax lower
bound? That is,

sup Ey /(f(a:) — f(x))%dz > .2

feFs

9/ 44
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Lower bounds via T'V distance

m d is a metric on ©
u d(90,91) > 26 where 90,91 €0

m Denote

~

Ap = {w : d(6p,0(w)) < d}.

(1) Risk bound implies TV bound.

m Suppose .
Py{d(0,0) > 6} <e, VOEO

m Then Py, Ag > 1 — € and Py, Ay < ¢, which shows

V(Pgo,Pgl) Z ]P)QOAO — PglAO Z 1-— 26

10 / 44
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Lower bounds via T'V distance

m d is a metric on ©
u d(90,91) > 20 where 0y, 0, € ©
m Denote

Ap = {w : d(bp,0(w)) < d}.

(2) TV bound implies risk bound.
m Suppose
V(PQD,PQI) <1—2e.

m Then, supy.o Py (d 0,0)>6) =R G,é) > € since
6cO

2R(©,0) > Py, (d(eo, 0) > 5) Py, (d(@l,é) > 5)

> Py, AG + P, Ao
>1—sup |Pg, A — Py, A| > 2e.
A

10 / 44
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Lower bounds via testing

Above argument uses

m L(£,0) = Lige.0)>6)
m L(€,00) + L(£,01) > 1 for all € if d(fy,01) > 26.

For a general loss function,

m Suppose infeco (L(E,00) + L(&,01)) > d(0o, 61) for a pair Oy
and #; in ©.

m Then

. L(f, 90) L(gvel)
S <d(00,91) + d(00,01)> =

11/ 44
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Lower bounds via testing

2R(0,0) > Eg,L(0,00) + Eg, L(,0;)

_ L(év 90) L(év 91)
N d(eo’ 01) [EGO d(ao, 91) * E01 d(eo’ 91)
> d(0o,01) inf [Eg, fo + Eo, f1]

fo+f121,f0,f120

m Note that

By, fo+ Eo, f1 = / (Py A poy) dv

1
Ry —
=1—V(Py,,Py,)

inf
fot+f121,f0,f120
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errorl

0 L0,
2

errorll

-4

13/ 44
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Testing affinity (T'A)

m Testing affinity: [ (pg, A ps,) dv := |[Pg, A Po, |1
m T'A=EgLip, <po,} + Eoy Lip, <ps,} = Sum of two errors
m If Py, = Py,, then T'A = 1 meaning testing impossible
m If supp(Py,) = [0, 1], supp(Ps, ) = [2,3], then TA =10
meaning perfect test

m Calculation of T'A for product measures
Py, = 15", P, = PT'
| (1 - TA)2 S TL]’L2(P0,P1)
] hz(Po,Pl) < KL(Po,Pl) < XQ(Po,Pl) for PO < P1
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Reduction strategy

m Restrict attention to a finite subset
Op :={0,:a€e A} CO

where A is a finite index set.

m With an estimator é, define

Y= in L(0,0,).
& := arg min L(0, 6a)

m Assume with a metric d, for some constant § > 0,

inf (L(€,0a) + L(E,05)) 2 0d(0a,05) > 0. Vo, fE A (2)

15 / 44
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Reduction strategy

m Reduce maximum risk by the average risk over the finite
sub parameter space

1 .
R(©,0) = 3 21618 Ey2L(6,0)

%maxEQQQL(O 0a)

acA

v

v

1 ~
5 max Ey, (L(a, 0a) + L(8, 9&)) by def. of G

aEA

v

gming d(04,0,) by condition (2)

> 2|A| Z Ey.,d(0s,0). bound max by average
a€cA

16 / 44
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Two-point tests

m Let A={0,1} and d(0,,03) = 1,04} Where o, 3 € A.
m By the above calculation,

N 1)
R(@, 9) > Z (E@Od(eog, 90) + Egld(e@, 01))

1) R R

> 7 (Bgy(a = 1) + By, (4= 0))
.

> Zlnf{Eeofo +Eo f1:0< fo, i <1 fo+ fr =1}
1)

> ZHPGO /\P91H1-

m Thus

) 1)
R(@) > ZHPGO AP91||1 > Z (1 - h(P907P91)) . (3)

17 / 44
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Le Cam’s Lemma
Construct
A:={60p,0,} CO
such that
infeeo (L(E, 00) + L(&,01)) = 6,
[|Pg, A Po,|l1 > ¢ > 0.

Then, for every estimator é,

*’;‘oz

supEgL(8,0) 2
0cO

18 / 44
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Examples

(1) Normal location models

Let Y7,...,Y, ~ N(0,1), where § € © € R. Then for any
estimator 6,

SggEg (5 — 9)2 > Cn~ L.

m Py =Py (iid. sample) and Py = N(6,1) with a loss
function L(6,0) = (0 — 0)2.

m (loss cond.) L(&,0) + L(&,61) > 2L (6o, 61)> ) 0

m (testing cond.) V2(Py,, Py, ) < h2(Pg,,Pp,) <
nh2(Py,, Py,) < nKL(Pyy, Py,) = nt=0l < 172

m Fix 6y € R and take 6; = 6y + 1/y/n. Then (2) is satisfied
with § = 1/(2n), and h%(Py,,Pp,) < 1/2.

= By (3), we have R(0) > & (1 — 1/1/2).

19 / 44
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(2) Nonparametric regression

Let Y; = 0(z;) +¢ fori=1,...,n, where ¢, ~ N(0,1), z; = i/n,
0 € © with © the set of all twice continuously differentiable
functions on [0, 1], #”(x) < M. Then for any estimator 6 and

any zo € [0, 1],

- 2
sup Eqg (0(%) — 9(x0)> > Cn 45,
0cO

m Py =[], Py; and Py; = N(6(i/n),1) with a loss function
L(6,0) = (8(x0) — 0(x0))>.
m (loss cond.) L(&,6p) + L(&,0:)

> 5L(00,01)>(7) 6
m (testing cond.) h?(Py,,Py,) < KL

2L
(]P)G()v )S(?) 1/2

20 / 44
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Let 6p =0 on [0,1] and 0;(x) = Mh%K(%) where

K(t) = aexp < — ﬁ) Ij2¢)<1} where a is a normalizing
constant so K (t) is a kernel, and let h = én~1/5.
Check 6y, 0, € ©.

Check L(&,00) + L(&,61) > 3L(60, 01) = 25 hiK?(0) =
MTthlQQ exp(—2)

Check

= /... - w) 1o I o(wi) U u
PGO’P91)_/ /ll;llqb( 1)1 gHZL:1¢<UZ—(91($z))d 1d n

= [ ... ﬁq&(ui)i —uiHI(xi)—i—lQl(xi)z duy . .. duy,
=1 =1 2

21 /44
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n

1
KL(]PQO ,Pgl) = 5 Z 91(:L‘i)2

i=1

M2 TSy o 2

:Tzhna exp e e \2 ]l{\xif:rolﬁ%"}
i=1 1—4(—% 0)

M 4 oy

= Th"a z;ﬂ{wo—}?ﬁﬁézo-F}?}
1=

M? 1

< Thiathn = §a2nhi

Since h ~ n~1/ by choosing a sufficiently small, we have the
lower bound of order h ~ n=%/5,
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Multiple tests

m Let A={0,1}" and d(04,05) = H(o, ) = > jey Lia,£8.}
where a, 8 € A.

meg a=(00,...,1,01,...,1)

m Start from

0,0) > M ZE% (0 ba)

23 /44
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- 2‘A’ acA
5 m
= 5w 2 2 Fo 104, # 0o}
acA k=1
5 m
4 Z Z Epo L{arz0} T om1 Z Ego Liarz1}
k=1 O(GAO k OéEAl K
6 m
~ 1 > (Poxliay0) + Prilia, 1))
k=1
5 & 5
= > Pok APkl > 4mH(mgl [Py, APg,l1

b
Il
—

where P; , = 2,,1%1 ZaeAi,k Py, and A;, = {a € A:ap =0}

where 7 =0 or 1.
24 /44
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Assouad’s Lemma

Construct
A:={0,, a€{0,1}""} C O

such that

inf{e@ (L(Eaea) +L(Ea0,3)) > (SH( )B) v Oé,ﬂ € {O 1}m
|[Po, APy, |l > ¢ > 0 if H(a,8) = 1.

Then, for every estimator é,

5
supEgL(0,0) > —
9eo 1"

Notation: H(a, ) = |la — Bllo = 2311 {81
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Examples

(3) Gaussian sequence models

Let Y; = 0, + o¢; where ¢, ~ N(0,1) and 0 — 0 with
0= (61,02,..) €0 ={0:3,k*07 < M} where M is a
constant. Then for any estimator é,

sup Eg|0 — 0|2 > Cot+s.
0cO

m Py, = N(0k,0?) for k=1,2,... where M is a constant.

m Py = Jlen Foy
m L(0,t) =, (0 — tg)? satisfying

L(Bast) + D{63:1) > 3 D6 05).
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m Need to construct 6, € © with a € {0,1}"™ s.t.
5 2k (0o = 05.6)* 2 blla = BJo for all a, § € {0,1}™.
[Py, APg,ll1 > ¢ >0 for [Ja — B0 = 1.

m Construct a finite subset by setting

B0 = (Bay, 0y, .. 0, . 0,0,...)

= 6(0[1, a9, ..., am,0,0, )

Then ]
D (Bay —05,)° = 5 H(a, B)

—€
2
k

DO | =

with § = %62.

27 / 44



Assouad, 1983

0000080000000

m T A calculation: w.l.o.g. a; # (51, then

(PUXQX HP())/\(PEXQXHPO)

i>m i>m

[[Po,, A Po,ll1 = '

1
= HPO /\P€H1.

m With normal distribution,

€/2
|]P0/\P6||1:2/ g2 (x — €)dx

21" 0s)

o
>0

if € = ¢cgo for o — 0.

28 / 44
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m Check 6, € O by letting
m = L(MEfQ)l/(lJrQs)J
since Y, k%07 < ST1L k¥ €2 <m!T2e2 < M.
m Lower bound is obtained as
2 As/(1425)  4s/(1+2s)

me- ~ €

which gives n=2/(1425) with the usual choice o = n~1/2.

29 /44
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(4) Smooth density estimation

Let Y1,...,Y, be an i.i.d. sample from a density f € F; where
Fs is a class of s times differentiable densities with Holder type

condition [ (fG=D(z + h) — fE=V(2))* dz < (M|h])2. Then

sup E¢ /(f(x) — f(x))%dz > On " T
fEFs

m Py = P} where Py has a density f.
m Loss L(f,g) = [(f(x) — g(z))*dx satisfying

L fa) + L&, f3) 2 5L(fa f5)

30 / 44
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m Typical construction: small perturbations on a base
function

fala) = fol@) + €Y arpr(x)
k=1

m For the loss separation condition,

m 2
3 [Uale) = o) = 3¢ | (Zm - 5k>¢k<x>>

k=1

>0 6 Y (g — Br)?
=1

m Convenient if [ ¢ppp = V=g st 0= Ve?/2.
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m Ibragimov and Has’minskii(1983)

m Construct perturbed uniform densities on [0, 1]

] fg(iﬂ) =1
m pp(x) = p(ma —k) for k=1,...,m — 1 where

1 1
¢(r) = coexp (x 1 23:) Lio<o<ty

with p(—xz) = —p(z), where ¢ is small enough to satisfy
peF.
m Perturbation function ¢(x): infinitely differentiable,

fi{% o(z)dz = 0.

" fol fo(z)dx = fol 1+ ed i arpr(z)]de =1 with
falz)>c1 >0
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perturbation function

0.000 0.005 0.010
| | |

-0.005
|

-0.010
|
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perturbation on the first interval

{37

1.0

0.8
|

0.6

0.4

0.0 0.2 0.4 0.6 0.8 1.0



1.0

0.8

0.6

0.4

0.2

0.0

perturbation on every interval

ad, 3
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V./\

V_/\

v_/\

V./\

v_/\

V./\

V./\

V./\

0.0

0.2

0.4

0.6

0.8

1.0
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m [ oppr =k = k/}%, then § = Ce?/(2m)
m Then for the testing condition with ||a — S]]o = 1,

_ 2
(Py.., Py,) ;:/de

1 IVRY
Scl/(fa f5)

1 0
= —0|la=Bllo=—
1

)
4]

we need
1 Ce?

= 2=

n 2m

with the lower bound mé ~ €2 ~ m/n up to a constant.
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m ] o V(@) = m ot D (ma — k + 1/2)
m Check f, € F.

J 0+ ) = g0 @)

/(Za B x—i—h) (S 1)(av))> dx

2
< @22 [ (et mh) - oD () do
< m**~2(M|mh|)* since p € F
= M2Em™|h< 7 (M]h])?

if m o~ e /s,

m From testing condition, 1/n ~ €2/m ~ €2T(1/5) That is,
€ ~n~%/(1425)  Then the lower bound is €2 ~ n~25/(1+2s)

35 /44
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Lemma
V(P,Q)=3[lp—dqldv=1- [(pAg).

Proof.
Let Ag={z € X : p(z) > q(z )}
Then V > P(Ap) — Q(Ao) = & [ Ip — aldv =1~ [(p A g).

For all A € A,
| Jap = @)v| = | [4r4,(P = @) + Jariag (P — )] <

max { [y, (0 = 0), [y:(a—p) } = 3 [ Ip— al-

By the above two, we have proved the claims. O



Lemma

Lh2(P,Q) < V(P,Q) < h(P,Q)y/1 - 2P

Proof.

I0(P,Q) =1~ [ yBi=1= (fpog/BT+ [y v/PI) <
1= (fyoqa+ fpnpp) =1- [0 A Q) = V(P.Q).

B (- 3P0 = ([ VErd®Va) <[org[pV

q) —f(pAq)(2—f(pAq)) =1-VA+V)=1-V2

Thus

V(P> Q)2 <1- (1 - %h2(Pa Q))2 = h(P7 Q)2(1 - %hz(P7 Q))
O
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Lemma

h*(P,Q) < KL(P,Q) < x*(P,Q).

Proof.
KL(P,Q) = [,5plog? =2 [, oplog /2

—2 [,,>0Plog (\/%— 1+ 1) > —2qu>0p( ¢ 1) _
—2 [ /pg +2 = h*(P,Q).

KL(P,Q) = qu>0plog qu>0plog <f -1+ 1)
JE -1=x*PQ).

1S}
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Lemma

R2(P", Q") = 2(1 - (1 - 52)") <nk?(P,Q).

Proof.
m1- 2P Q) = [V = ([ vm) = (1- 252"

B Use(l-a)">1-anfor0<a<l.

39 /44
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Lemma (Pinsker)

V(P,Q) </ EHPD.

Proof.

Let ¢(z) = xlogx — x + 1 for x > 0 where 0log0 := 0.

Note that 1(0) =1, ¢(1) =0, /(1) =0, ¢"(z) =1/ >0
and 1(z) > 0 for all z > 0.

Use (3—1— z‘)z/)( ) > (x —1)? where z > 0. If P < Q,
(PQ 2f’p q, fq>0|p_1|q<

2
2p 1 4q 2p
2 q>0q\/ 3q ) < 5\/ \/ q>0qw
loo 2 /KL
2 pq>0p g

10 / 44
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psi(x) approx. by (x-1)"2
3 <
e
o
2
- ° =
M 2
) £
= &
) 2
5 <9 3 o
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% <
<
3
o
o
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Lemma

Proof.
W.lo.g., KL(P,Q) < oo (ie. P < Q).
(f \/PT_I)Q = exp (2 log qu>0 \/]Tq> =

exp (2 log qu>0p\/g) > exp (2 qu>0plog \/%) =

exp(—KL(P, Q)).
Use 2 [(pAq) > (2—f(pAq))f(pAq)2

(S VErawva) = (fvr) 2en(-KLPQ)

and 2 [(pAq) =2(1 - V(P,Q)).
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Prelimina

Theorem

Suppose 11 is a distribution on © such that
/R(Q,&H)dﬂ(e) = sup R(0, o).
0

Then
O s minimax.

1T is least favourable.

Proof.

(i) Let 0 be any other procedure. Then supy R(6,d) >
J R(6,0)dIL(0) > [ R(6,6)dII(6) = supy R(6, ).

(i) Let II' be some other distribution of . Then
fR((g,(;H/)dH/(H) < fR(@,éH)dH’(H) < Supg R(@,(Sr[) =
[ R(6, 6r1)dII(6).

000000080

13 / 44
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Theorem

Suppose {I1,} is a sequence of prior distributions with Bayes
risks [ R(0,6,)dIL,(0) =: rm,, and that § is an estimator for
which supg R(6,0) = limy, o0 rm,,. Then

0 18 minimaz.

the sequence {I1,,} is least favourable.

Proof.

(i) Suppose ¢’ is any other estimator. Then

supy R(6,6") > [ R(9,4")dIL,(0) > rr,,, and this holds for every
n. Hence supy R(6,0") > supy R(6,0). Thus 6 is minimax.

(ii) If II is any distribution, then

[ R(0,0n)dIL(0) < [ R(6,8)dII(0) < supy R(0,0) = limy,_s00 711, -
The claim holds by definition. O
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