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Setting

Family of probability measures {IPy : §# € O} on a sigma
field A

Estimator §: measurable map from 2 to ©
L(0,0): loss function
» Maximum risk R(©,6) := supycq EoL(8, 6)

m Minimax risk with a minimax estimator 6,,,,,

R(©) = inf sup EgL(8, 0) = sup EgL(@m, 0).
0 0co 0cO
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Minimax optimality

m Usually difficult to find minimax risk and minimax
estimator.

m Typically satisfied if we find a ‘good’ lower bound ¢(n) on
R(©) and if we find a ‘good’” upper bound u(n) by using a
specific estimator 6, where

{(n) < R(©) < SggEeLw ,0) < u(n) (1)
im A
nleoo (n)

m If 6 satisfies (1), then @ is called a minimax optimal
estimator.



Various distances

P, Q: two probability measures with densities p,q w.r.t v.
m Total variation distance

V(P.Q) = sup [P(4) - Q(4) = sup ] [ - aa

m Squared Hellinger distance
R(PQ) = [V - g2 Pa
m Kullback—Leibler (KL) divergence
KL(P,Q) = /plogZdy.
m Chi-squared y? distance

V(P.Q) = /’jdv— 1
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Relation between distances

P, Q: two probability measures with densities p,q w.r.t v.!

12(P,Q) < V(P,Q) < h(P,Q)\/1 - M
V(P,Q) < h(P,Q) < /KL(P,Q) < /X*(P,Q)
(Pinsker) V (P, Q) < y/ KHPQ) anq

V(P,Q) <1- Lexp(~KL(P,Q)).
h2(P™, Q") < nh*(P,Q)

1For the proof of each statement and more details, see Chapter 2 of T'sybakov (2003).
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Le Cam’s Lemma
Construct
A:={6p,61} C O
such that
infeeo (L(€, 00) + L(&,01)) = 6,
[|Po, A Po,|l1 > ¢ > 0.

Then, for every estimator é,

*’;loz

supEgL(8,0) 2
0cO
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Assouad’s Lemma
Construct
A= {6, a €{0,1}"} C O
such that
infeco (L(€,0a) + L(€,85)) > dlla— Bllo ¥ a, B € {0,1}™,
IPg, APg,ll1 > c>0if o — Bllo = 1.

Then, for every estimator é,

=8,

supEgL(6,0) >
0cO

m.

Notation: ||a— Bllo = > ey Lo, £8:}
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Idea: Metric entropy structure of a class would determine the
minimax rate of convergence of estimators.

Proposition (Yang & Barron, 1999)

log Ny, (€,0,d) Then

For rich? class © below, let €2 = ™

min max Egd?(6, ) ~ €2.
g 0€6

O: class of densities s.t. 0 < ¢ < 0 < C with d? is
integrated squared Lo, sqaured Hellinger, or KL.

©: convex class of densities with 8 < C' and there exist one
density in © bounded away from zero and d is Lo.

O: regression functions 0 s.t. |0] < C where Y = 0(X) + ¢,
X and € ~ N(0,02) are ind., and d is La(Px) norm.

log Np(€/2,0,d)

<=0 Tog Np(e0.0) > L

2lim inf
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Entropy

Let Y and Z be discrete random variables.
Entropy of Y:

Zp )logp(y) = —E(log p(Y)).

Conditional entropy of Y given Z:
H(Y|Z) == ply,2)logplylz) = ~E(log p(Y | Z)).
y’

where p(y|z) is the conditional pmf of Y given Z = z.
Joint entropy of Y, Z:

H(Y,Z) ==Y ply,2)logp(y, 2).
y’
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Properties of entropy

m If X ~ Ber(p), then
H(X) = —plogp—(1—p)log(l—p) <log2 = H(Ber(1/2)).

Entropy of Ber(p)

entropy(prob)
04 05 06 07
I I I

03

0.1

0.0 0.2 0.4 0.6 0.8 1.0

prob

m If X is discrete random variables on {1,..., M},
H(X) < log(M).
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Properties of entropy

w H(Y,Z) = H(Y)+ H(Z|]Y) = H(Z) + H(Y|Z).
H(Xy,...,Xn)=>1"  HX;| X1,..., Xi—1).
H(Y|Z) H(Y).

H(Xy,...,X,) <Y, H(X;).

For any function g, H(g(Y)|Y’) = 0.

10 / 42
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Information

Information between two random variables Y and Z is defined

I(K Z) = KL(Pyyz,Py X Pz).

y7z y?z

=H(Y)-H(Y|Z),
giving H(Y) > H(Y|Z).

11 /42
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Properties of information

m [(Y,Z) > 0 with equality iff Y and Z are independent.
m (X, (Y, 2)=1(X,)Y)+ (X, Z|]Y)=I(X,2)+ I(X,Y]|Z).
If the following terms can be defined,

(X, (Y, 2)) - = 2_p(@y,2)log <zg>y<’x)y>
B N . p(z,zy)
= 2_pl@.y)log s s p(x|y)p(zly)
= I(X,Z]Y).

m For any function g, I(X,g(Y)) < I(X,Y).
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Lemma (Fano’s inequality)
Let Z,Y be discrete random variables on {1,..., M}. Then

H(Y|Z) — log(2)

P(Z#Y) > og M

Proof.
Let E = 1{z+y,. By the definition of conditional pmf,

H(E,)Y|Z)=H(Y|Z)+ H(E|Y,Z)=H(Y|Z).
On the other hand,

H(E,Y|Z)= H(E|Z) + H(Y|E, Z)

(
<HE)+P(E=0HY|E=0,Z2)+P(E=1)H(Y|E=1,2)
<log(2) + P(E =1)H(Y)
<log(2)+P(Z #Y)log M.

13 /42
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Lemma (Fano’s Lemma)
Construct
F:={0;,j€eJ}CO
where |F| = M satisfying the following: suppose ¥ 0;,0; € F,
(loss cond.) L(6;,0;) > ¢
(testing cond.) KL(Py;,Pg,,) <.
Then, for every estimator é,

A~ 0 e+log2>
supEgL(6,0) > - (1— ———— ).
968 oL(9,6) 2( log M
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Define

Y: uniform random variable on {1,..., M} =:J

X: random variable with a conditional distribution
Pj:=Py, given Y = j.

Z = argmin, ; L(6, 6;).

m joint distribution of (X,Y):

. , Py (A)

P(X €AY =j) =P(X € AlY =j)P(Y =j) = 45—

By bounding the supremum by the maximum followed by
Markov inequality,

m If Z # j, then L(0;,0) >

NS
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)
R(6.,0) 2 5 maxP(Z # 5|V = j)

51 & 5
> 2M;P(Z7&J|Y:J) = §P(Z7£Y)
> g <H(Y|i;;0g(2)> by Fano’s inequality

0 (HY)—-I1(X,Y) —log(2)
>3 Ly ) HO2) > 1) - 15Y)
9 I(X,Y) +log(2) B
_2<1— Tog M > H(Y)=log M.

Note that for any function g, I(Y, g(X)) < I(Y, X) and
H(Y|Z) = H(Y) ~ I(Y, 2) > H(Y) - 1(Y, X).

16 / 42
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It suffices to bound I(X,Y) from above. Let
p(a) = 37 20, pi ().

_ pi(@) . pi(z)/M
I(X,Y)_/ z lgj(x)/Md)\

_ 1
KL(Pj,IP’)SMZ/pJIOg ZKL
(2
Plug these into Fano’s inequality,

| (1 Y KL, p>+10g<2>>

log M

*Let ai, bi > 0 and Y-, ai = a, ., bi = b, then alog § <37, a;log §-.

17 /42
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Example

(1) High-dimensional linear regression*

Suppose we have {(z;,y;)}, from y; = 27 0 + w; where x; € RP
and w; ~ N(0,0?) is i.i.d., and § € RP. Assume p > n and let

Os; ={0 €RP:||0]lo < s, |02 <1}

X0
Also we let Y25 = Supgeq|g)o<2s} %. Then

~ Co /s —5/2
sup Eg|0 — 0]z > J % log (u).
(ASSH 2s n S

“Raskutti, Wainwright, and Yu (2011)

18 / 42
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m Py =[], Py and Py; = N(210,0?) with a loss function
L(0,0) = 0 — 0]2.
m We need to construct as many parameters {61,...,0y} as
possible satisfying the following:
(loss cond.) min;.; L(6;,0;/) > 0
(testing cond.) max;.; KL(Py,,Pg,) <(+) €
m Note that
H 1¢02(u1 xrzrej)
i= d
TT, &0 (i — 27 0,) "

- 7(0; — 0y 10, z!0; n
:/ H(bo_ ._Il )Z(uzx ( 0_2 )_(.’E )202( ) )d
=1
_ 9 —z/0;)  (x]0;)* — (20;)®\ < (@0; —xl0;)°
-y (e R

=1

1 ..dun

KL, Fo,) = [ [L 6w =70, 108

X85 - 0,13

202

19 /42
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Let 69]',(9]'/ € O, then HGJ — 9j’||0 < 2s. Let 9]‘]‘/ = 9]' — 9]'/.
(testing cond.)

1X05 115 nll0sll5 / 1X0;5]12 \2
KL(Py,,Py,) = — ( Jj )
(Poy P, ) 202 202 \/nl|0;; ]2
”Hajj’H% 2
S o s So)€

(loss cond.) [|0;5ll2 >(7) &

Since these two conditions need opposite direction for ||6;;|2, it
would be good if we can construct {61,...,0y} € O so that for
J#J ed <05 = 0yl < C1o.
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Lemma (Kiihn (2001), Raskutti, et al.(2011))

There exists a subset ©g C Oy such that § < ||6; — 0|2 < 264/2
for all 1 < j < ' < M and log M > 3 log (2=22).

Sketch of the proof:
m Define

H="H(s):={z€{-1,0,1}",||z]lo = s}.
m For p, s (even) and s < 2p/3, there exists H C H with

|H| > exp (% log p75/2> st ||z—2|jo > s/2 for all 2,2 € H.

S

m Then use rescaled version /2/s6%.
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Sketch of the proof of the claim:

|H| = (?)2% and ||z — 2'[|o < 2s for all 2,2" € H.
For a fixed z € H, |[{z' e H: H(z,2') < s/2}| < (872)35/2.
Consider Hy C H with cardinality at most

G
[Hol < M := 735

The set of z € H within Hamming distance s/2 of some
element of H( has cardinality at most |H| (572) 352 < |H|.
Thus, for any such set with cardinality < M, there exists
z €M st. H(z,2") > s/2 for all 2/ € Hy. Adding this
element inductively at each round, we can create a set

Ho C H with |Ho| > M s.t. H(z,2') > s/2.

s/2

Bound M > (#)

V)
%]
o)
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m Using the above lemma,

4n627228

KL(Fy;, Po,)) < ——5

m Testing condition implies that we can take € = ¢/ log M,
yielding

/ 2 / 2
g do* _, do® _5s p—s/2
0% = ey log M 2 — =" log(———)

m Fano’s lemma gives

- —5/2
supEgL(0,0) > &2 \/8 log (p s/ )
ISC] Y25 VT S
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Relation to Assouad’s lemma (density estimation)

For convenience, we assume L is a pseudo metric, i.e.
L(&,04) + L(&,03) > coL(0a,05). Suppose we construct

A:={,, a€{0,1}"}CO

such that
(loss cond.) L(6q,08) ~ é|la— Bllo V o, € {0,1}™,
(testing cond.) KL(Py,,Py,) = nKL(0a,0p) <1—2c for
lo=plo=1.
Then, for every estimator 6,

supEgL(6, 9) = om.
0cO

If KL ~ L, then § ~ 1/n, which implies the lower bound m/n.
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Lemma (Varshamov-Gilbert)

Let m > 8. Let w € {0,1}"™. Then there exists a subset
Jo = {w®, ... wM} of {0,1}™ such that w® = (0,...,0),

lw® — w®|lg > % VO<j<k<M,

and M > om/8.

%)
o
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Sketch® of the proof: |[W| = 2™.

Take w(® = (0,...,0) and exclude all w s.t.

|lw—w®|o < D:=|m/8].

Set Wi = {w e W : |jw—w®|g > D}. Take w') an arbitrary
element of W;. Then exclude all w € Wy s.t. ||Jw — w(l)HO < D.
Recurrently define W; of W:

W ={we W, :|lw—-wl= Vo> D} for j=1,...,M where M
is the smallest integer s.t. W41 =

Let A; = {weW |lw—wW|o < D for j =0,...,M, then
|A|—nj<zll()forj—0 , M.

w) —w®|g > D+ 1> m/8 when j # k, and 2™ < ZMZOnj7

hence (M +1) > ZD2 (M) = P, Ta<Ey = 2" (via
Hoeffding).

SFor the detail, see Lemma 2.9 of Tsybakov(2003).
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Let ¢ be the same used in Assouad’s method.

Assume we constructed A in Assouad’s method. Then by
Varshamov—Gilbert Lemma, there exists more than 2™/8
indices s.t. the hamming dist. between any two is at least
m/8. Let us take these as the index set Jy; then

L(8;,05) ~md for j # j' € Jy.

If KL ~ L, then testing cond. in Assouad’s lemma implies
d ~1/n and KL(JP’@J.,IP’%) ~nL(0;,0;) ~m.

Thus Fano’s lemma gives supgcg EgL(6, 0) > o
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Remarks

m When KL(0,0) ~ L(6,0")? If we assume that ¢ < 6 < C,
KL ~x?~ L3 ~ h2
" /\2
ke < [ <o

c

L2(0,0') = / ((x/é N \/(7'))2 < 20h%(0,0").

_ nll6;—0,113

= When Py = N"(0,0?), then KL(Py,,Pyj) = —5=—. Let
L = L2, then € ~ nd. Hence we get the lower bound ¢ if we
can construct F' = {6;,j € J} so that log |F|/n ~ § and
L%(0;,0;) ~ ¢ for all j # j' € J.
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Metric entropy

m (Packing number) Ny(€,0,d) := max{N : {#1,...,05} C O
such that d(6;,60;/) > € for all i # j}. These set
{61,...,0n} is called an € packing set.

m (Covering number) Let Pg := {Py : § € ©}.

Nc(€, Po,d) := min{N : {Py,,...,Pp, } C Po such that
there exists j for which d(Py,Pp;) < € for any 0 € O}.
These set {Py,, ..., Py, } is called an e cover (net).
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Lemma (Yang and Barron, 1999)

Construct
F::{Oj,jEJ}g@
where |F| = M satisfying the following: suppose ¥ 05,05 € F,
L(8;,0:) > 6.

Then, for every estimator é,

A0 log N, (€2 KL 2 1 log 9
supEgL(6,0) > = (1 _ log c(E , Po, )+ e“ + log > ‘
0cO 2 IOgM

Following the proof of Fano’s Lemma, it suffices to show
I(X,Y) = 47 X2, KL(Pj,P) <log N.(€*, Po, KL) + €.

30 /42
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m Consider an € net {}P’éj,j =1,...,N.} under KL
divergence. Then for any Py € Po, there exists P; such
J
that KL(Pg, Py ) < €.
J

m For any Q,
1 & 1 . 5
MZKL(P‘)J"Q) - > KL(Py,,P) = KL(P,Q) > 0
j=1 Jj=1

m Use Q:= « ZNC Pj,, then

—ZKL P;,P) <Z/p9 log——2 T
S Z/pe lOg 1
9j/<j>

<log N.(€*, Po, KL) + €.

] 1p9
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Example

(2) nonparametric regression
Let Y; = 6(X;) + w; where X; ~ Uni[0,1], w; ~ N(0,1) and
X; L w;. Assume 6 € O, where O, satisfied
6 is differentiable s — 1 times on (0, 1),
SUPg<z<1 ) (z)| <1 for all k=0,1,...,s — 1 where
0©) .= g(z)
0C—1) is 1-Lipschitz on (0,1).
Then for any estimator 0,

2 2 ) =i
sup Egl|0 — 0|53 > ¢'n” zs+1.
0€O5
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| Given XZ = .Tz‘,i = ]_, Lo, n, ]P)Q = H?:l Pg,i - N(Q(IL’Z), ]-)
= L(0,0) = |6 —0]3.
m For P@,Pgl [ 'P@S7

P(ui — 0(x))
¢(uz — 6’(901))

1 (/2 d(u; — 0(x;)) log Mduld@>

([0 -0 - 0 — 13

n n
dul d$1

2n ”
L(Py, Py) / —0(x;)) log 11__[[

i

I
H'M:
Il

33/ 42
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m Known:
ce /s <log N.(¢,04, Lo) < Ce /s

= lOg Np(SQ’ @s,L%) ~ 10gNC(S’ @57L2) > 65_1/8.

= log No(e?, P, KL) ~ log No(y/2¢, 0, L) <
(Q/n) 1/( 25)6—1/5
m By Yang and Barron(YB),

5 _1/(25) —1/s 2
sup EqL(0, 9) > (i 1— C(2/n) e + €2+ log 2
00, 2 i

> o/p 28/ (142s)

2s

4s nTizs .

1 .
by taking € ~ n20+29) and 6% ~ ¢~
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Density estimation problem

Lemma (LB, YB)

Construct

where |F| = M satisfying the following: suppose ¥ 0;,05 € F,
L(@j,@j/) > 4.

Then, for every estimator é,

A o log N.(e2,0, KL) + ne® + log 2
EgL(0,0) > - (1— .
3289(’)_2< log M

Remark: If log N,(e2,0, L) ~ log N.(€2,0, KL) ~ ne?, then
supgee EgL(0,0) > €2.
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Density estimation problem

Take the following (Bayes predictive) estimator

where p;(z) = px,,,|x;,..x, ([ X1,..., X;) for i > 0 and
. N.
ole) = 2 S vy, (2) = ().

Theorem (UB, YB)

Let i.i.d. sample X1, ..., X, from a density 60 € ©. Asswpe
log N.(2,0, KL) < ne®. Use Bayes predictive estimator 0.
Then

sup Eg K L(0,0) < Ce.
0cO
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log __Po@)
S

Z]Ee /p9 ) log ﬁ((i)) dx

= — O no—(x) X l X ) 10 pO(x) X
- ZEa/pa Jog X +n/p9( )log 22

Eo K L(pg, p) = Eo/ o(x)

1 / po(x2) ... po(xn) po(w1)
=— | po(x1,..., 20 log(
n (. ) p(za|z)p(es|ey, z2) ... p(Tnl21, ..o 20—1) P(21)
1 po(T1,...,2Tn)
= — log —/——"—-"—~
n /pe(mla axn) 0g p(xh.”’xn)

1
< (1och(62,@,KL) + nKL(Pe,Péj)) <oe,

using the same argument as before.

37 /42
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Example

Let ® = {¢1 =1,¢2,...,¢k,...} be a fundamental sequence
(linear combinations are dense) in L2[0,1]¢. Consider © = {6 €
Ls[0,1)4 : ming, [0 — Y5 aidilla < k™% k=0,1,...,}.

(3) linear approxmation

In a regression setting, Y; = 6(X;) + €,

min maXIEQHé = 9”% — p20/(1420)
6 0O

Known result: log N.(€,0, Ly) ~ k. = inf{k : k= < ¢}. By

equating € 1/® ~ ne?, we have €2 ~ n—20/(2at1)

38 /42
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Skeleton estimates

m Let O, = {f1,...,0n.} the e-cover of O (class of densities)
where N, = N,.(€,0, L1).

m A = {{.7? : é]({li) > éjz(x)} : éj,éjl S @6}
m Define § = argming g sup e, |F5(A) — ]P’n(A)’ where
P,(A) = 15" I¢x,cy is the empirical measure of A.

n

Theorem (Devroye & Lugosi (2001))
Assume that 0 € ©. Then

A 8log(2N2
EoL1(6,0) < 3¢ + %.

We need to equate log N.(¢,0, L1) ~ ne? to obtain e rate using
L.

39 /42
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Theorem 6.3 (Devroye & Lugosi (2001))
For any density 6,

/|é—9| g3min/|é—9|+4sup |Py(A) — Bo(A)].
0cO. AcA

Let 6 = 6; and éj be any density minimising [ 16, — 0| over all .
Assuming j # 4, [0 — 6| < [16; — 0] + [ |6; — 6;]. W.lo.g., let i < j.

/|~i—€~j|:2sup /él—/éj
AcA|JA A

<2 sup /éi—IP’n(A)’—i—‘/ éj—Pn(A)‘gélsup /éj_xpnm)‘
AeAl)a A AeAl)a
< 4 sup /éj—/e‘—&—élsup /G—Pn(A)‘
BeB|JB B AeAl)a
:2/‘§j—9‘+4sup /O—Pn(A)’.
AeAl)a

10 / 42
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In order to bound sup g 4 |Po(A) — P, (A)], let
Yi = 1ix,eay — P(A).
Lemma (Hoeffding)

Let Y; be independent random variable with EY; = 0,
—1<Y; <1 w.p. 1. Then for s >0, E(e?¥i) < e’ /2. Thus

E (68% Zzﬂ:l Y1> = (Ee%Yz)n S 682/(2n)‘

Lemma

Let 0 >0, N > 2, and let Z1,...,Zy be real-valued random
variables such that for all s >0 and 1 < j < N,
E(esZi) < e5°9°/2 and E(e~%)) < 5°°/2 | hen

E (max zj> < 5+/210g2N).

j<N
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