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Recap
[ Je]e]ele]e}

Setting

Family of probability measures {IPy : § € O} on a sigma
field A

Estimator §: measurable map from €2 to ©
L(0,0): loss function
» Maximum risk R(©,6) := supycg EoL(8,6)

m Minimax risk with a minimax estimator 6,,,,,

R(©) = inf sup EyL(6, 0) = sup EgL(@m, 0).
0 0co 0cO
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Recap
[o] Je]ele]e}

Le Cam’s Lemma
Construct
A:={6p,61} C O
such that
infeeo (L(€, 00) + L(,01)) = 6,
[|Pg, A Po,|l1 > ¢ > 0.

Then, for every estimator é,

*’;loz

supEgL(8,0) 2
0cO
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Recap
[e]e] lele]e]

Assouad’s Lemma
Construct
A:={s, a€{0,1}"} CO
such that
infece (L(§, 0a) + L(€,05)) = dlla = Bllo V a, B € {0,1}™,
[Pg,, APgyll1 > c>0if la— Bllo = 1.

Then, for every estimator é,

=8,

supEgL(0,0) >
0cO

m.

Notation: ||a— Bllo = > 1y Lo, £8.}-
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Recap
[e]e]e] le]e}

Fano’s Lemma

Construct
F:={9j,j€.]}§@

where |F| = M satisfying the following: suppose V 0;,0; € F,
(loss cond.) L(6;,0;) > 6
(testing cond.) KL(Py,;,Py,) <.

Then, for every estimator é,

- o €+ log 2
EoL(0,0) > = (1 — —> ).
3289(’)_2< logM)
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Recap
000000

Yang and Barron (1999)
Construct
F:={0;,jeJ}CO
where |F'| = M satisfying the following: suppose V 0;,0; € F,
L(6;,60;) > 6.

Then, for every estimator é,

supEgL(G,é) > 0 (1 -
90 2

log N.(€2,Po, KL) + €% + log 2
log M ’
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Recap
[e]e]e]ele] ]

Possible questions

m For Le Cam, one vs. one = one vs. multiple? Or, multiple
vs. multiple?

Assouad + Le Cam?

For Fano, KL. divergence = more general distance?

Non-finite sub-parameter space?

6/ 60



Extension of Le Cam

Extension of Le Cam
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Extension of Le Cam

9000000000000 00

Let co(P) be the convex hull of P, and let P; = {Py : 0 € A;}.
Le Cam’s Lemma II
Construct

A €O, A, CH

such that for 0y € Ag, 0, € A1,
infeco L(E,00) + L(,01) = 0
SUPQ, co(P;) Qo A Q| > ¢ >0

Then, for every estimator é,

sup EgL (6, ) 2
0O

N"en
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Extension of Le Cam

O®0000000000000

Remarks

m When |4p| =1, |A1] = 1: Le Cam I (one versus one testing)
m When |Ap| =1 and |A;| = m: One versus multiple testing

m When |Ay| = m; and |A;| = mgy: Multiple versus multiple
testing
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Extension of Le Cam

0000000000000 00

Proof: Let w;(#) > 0 and >, 4 w;(0) =1 for i =0, 1.

2R(0,0) = sup Eg2L(0, 0)

9co
> max By, L(0, 60) + max By, L(0,61)
2 Z wO(HO)]EGDL<éa90)+ Z wl(el)E91L(é791)
OoE€Ap 6,€A1
L(éveo) L(ével)
—5 ( >~ wo(60)Es, ( : )+ > wl(ﬂl)Egl(T)
Oo€Ao 01€A;
>0 inf wo(00)Eg, fo + wy(61)Eg,
oty ([ oo+ 3 o)}
> 3[|Po APy s,

where P; := Y7, ., wi(0;)Pg, for i = 0,1. Since the above inequality
is satisfied for any prob. measure w; on A;, we can take the
supremum over all convex hull.
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Extension of Le Cam

O00®00000000000

Examples

(1) Gaussian sequence model

Let Y; = p; +&/v/nfor j =1,...,n where § ~ N(0,1).
Suppose © = {6 = (p1,...,un) : [|0]lo < 1,]|0||2 < C}. Then

A 1
sup gl — 013 > c—=".
0cO n

Remarks. 1) In Minimax I, when we assume Y, k*u2 < M, we
had the lower bound n~=25/(1+25) using Assouad 1.
2) What happens if we assume ||0]|p < k?
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Extension of Le Cam

O000@0000000000

Using Le Cam I

Use one to one test.
= (& 00) = €= 0l}
m 0p=(0,...,0) and 6; = (6,0,...,0).
m (loss cond.) L(&,6p) + L(&, 91) $L(09,61) = % =: 0.
m Py, = @ N(0,1/n), Py, = N(5,1/n) @, (O, 1/n).
m (testing cond.)
|[Po, APy, |l1 =1 =TV (Pgy,Py,) > 1— +/x>(Poy,Py,) =

b1/ (21—0)? S -
1-— \/f 1¢/>1/j1:v1 —1=1—4/exp(nd?) —1>cif
52 ~ 1/n.

m This gives n~! rate, which is not enough!

12 /60



Extension of Le Cam

0000000000000 00

Using Le Cam II

Use one versus multiple test.
m Let

Ag = {90} = {(Oa" . ’0)}

Ay ={8(1,0,...0),6(0,1,0,...,0),...,8(0,...

m For any 6; € Ay, ||6p — 01]]3 = 62

m Qo =®,;N(0, ;)

s Q=150 (T NO. D) © NG D).
m Suffices to show x?(Qp, Q1) < c.
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Extension of Le Cam
000000@00000000

m Note that

1 n
2 . <H Zj:l Hi;éj ¢1/n(1‘z)¢1/n(
X" (Qo, Q1) —/ T, 60
e > i1 i $1yn (@) P1ym (2

-9)?

(lsl/n( J)
o ¢1/n T — 5
- ( ¢1/n .CC] 1)

= %(exp(néQ) - 1).

m The above can be arbitrarily small by choosing
d = y/clogn/n.

m This gives logn/n rate.

3\*—‘
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Extension of Le Cam
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(2) Estimation of a functional (Bickel & Ritov, 1988)

Suppose we have i.i.d. sample X1, ..., X,, from a density 0 € ©
where

O:={fon0,1], 0<co<b(z)<ci <o0,]|0? ()| < ey < o0l
and let T(0) = [ (¢/(z))?dz for § € ©. Then

sup Eg|T — T(0)| > en=4/°.
0cO

cf. Use Le Cam II where the first condition is changed by using
T'(0) instead of 6.
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Extension of Le Cam

0O0000000®000000

Oo(z) = Lizeio)y> T'(6o) = 0.
g: tw1ce dlﬁerentlable function on 0, 1] s.t.

fo x)dx =0, fo (z)dz =a >0, [(¢ z))2dr =b> 0.
Divide [0, 1] into m disjoint intervals, and for j=1,...,m,
let 1
-2 J—
gj(x) =cm g(m(w—T»

where c is small enough so that |g;| < 1.

Construct

0, = {Ha =6y + Zajgj T € {—1, 1}m} - @,
j=1

2
so that for 0, € ©1, T(0a) = >, fol (gé) = c’bm 2.
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Extension of Le Cam

0000000008000 00

m § ~inf, [T(00) — T(0a)| ~ m~2.
m Q=08 Q =5>,00
m It suffices to show that x?(Qp, Q) < c.
Crude bound: [6,05 =1+ Z;ﬂ:l a;B; fgjz <14 c2m~%a. Then

oo [ERIT

sz (;HG xz)<zﬁ:i1jl€5(xi)>—l

< (1 +cAm” 4(1) —-1< exp(cQanm_‘l) —-1<e,

for m = én!/*, where we use (1 + z/n)" < e* for |z| < n.

m But then we would have n~/2 rate, which is not enough!
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Extension of Le Cam
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m Better bound by careful calculation.

m Treat P(aj =1) = P(oj = —1) = 1/2. Then «;8; =: v;
has the same distribution. Define I' := 3~ ~;, then
ET* = 0 for all odd k, and EI'?> = m and by denoting
fg?- =cam™® =: U,

n

X*(Qo, Q) =E | 1 +UZ’Yj
J

" /n
-3 (1) =()
k=0
< <Z> u?ET? = <Z> Aa?m™Om ~ n?m™.

2/9

m Take m ~ n*/” then the lower bound is obtained as

m=2 ~ n_4/9.
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Extension of Le Cam

00000000000 e000

Remarks

m Difficult if we use Assouad since we take squares with
ae{-1,1}™

m If we take a € {0,1}"™, essentially we would calculate the
same quantity in our crude bound so that we get n~1/2 rate
via Assouad (check).
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Extension of Le Cam

00000000000 0e00

Multiple multiple testing example

(3) Key idea in manifold lower bound (Kim & Zhou, 2015)

Let 6 € © = {0,1/m?}*™ C R?™ and let X; € R? and for
i=1,...,n, welet P(X; = z;) =1/(2m) where
= ( /( m),8;) where j = 1,...,2m. Using the maximum loss
(9 6) = max; 6; — 1,

. 1 2
inf sup EgL(0, 0) > ( Og”>
6 6co n

cf. In estimating the support of U[0, §] where 6 € (0, 1], the
minimax rate is of order 1/n under the L loss.
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Extension of Le Cam
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Two points argument

m Let = (0,...,0) and 0 = (1/m?,0,...,0).

m 5~ 1/m

m Check Py A Py puts mass 1/(2m) on (2m — 1) points
(2/(2m),0),(3/(2m),0),...,(1,0). Thus
|1Pg A\ Pyr|h =1 —1/(2m). We need to take m ~ n to show
155" A Pgilly = ([ Py A Prl1)" > 0.

m This gives the lower bound 1/n? (not enough).
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Extension of Le Cam

0000000000000 0e

Using Le Cam II

m Let Ap be the set of #’s s.t. m locations are zeros and m
: 2 _ 2
locations are 1/m? so that |Ag| = (77").
m Let A; be the set of §’s s.t. m + 1(or m — 1) locations are
zeros and m — 1(or m + 1) locations are 1/m?2.

m 6~ infpca, pen, L(0,0') =1/m?

m Suffices to prove

P> M\ArZP‘”

Quite involved, but provable where m ~ n/logn.

>0

2
m This gives the lower bound (lofl ") .
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Extension of Assouad

Extension of Assouad
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Extension of Assouad
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Idea

m Assouad I in one direction & Le Cam in another direction

m Parameter space: for a given positive integer m and a finite
set B C RP\{0;1xp}, let I' ={0,1}" and A C B™. Define

A={a=(y,N):yelAe A}l

Projection: For v = (v, \) € A, denote the projection of «
to I' by v(a) =, to A by A(a) = A

vi(@) : ith coordinate of the first component of «.
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Extension of Assouad

O@®000000000000

Notation

m Average: For a given a € {0,1} and 1 < ¢ < m, denote
Aig={aecA:vi(a) =a}.

Define mixture distribution HE’M by

_ 1
Pig=—— Py .
i,a |Az Z (2

a
’ OéeAi,a
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Extension of Assouad

0000000000000 0

Assouad’s Lemma II (Cai & Zhou, 2012)
Consider A = {a = (y,A) : v € ', A € A}. Suppose
L(0a,08) = 6[l7(a) = v(B)llo Vo, B € 4,
m1n1<;€<m ||Pk0 /\IF’k 1ll1 = ¢, where
= |A " ZaeA ,aP9a’ ia ={a € A:v(a)=a}.

Then, for every estimator é,

sup EgL (0, 0) > 5m
0cO
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Extension of Assouad
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Remarks

m Effectively treat “two-directional” problems.

m Simultaneous application of Le Cam’s in one direction and
Assouad’s in another.

m Special cases

m Assouad’s Lemma I considers I" only.
m Le Cam’s Lemma I considers A with m = 1.
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Extension of Assouad

0000000000000

Proof of Assouad II:

R(©,6) > % max By, (L(6,62) + L(0,64))

acA

é
- E E, L N
2|A‘ — 0o (eaaea)
5 m
Z m E E Eea]l{’)’(d)kf’}/(a)k} by loss cond.
a k=1

= gz ;A Z Eo{v(&)r # 0} + Z Eo{y(a)x # 1}
0
4

{ay(a)x=0} {ay(@)r=1} ,

where Py, , = ﬁ > aca, , Po, for a= 0,1 with
Aiq ={a € A:vi(a) =a}. By testing condition, the proof is
complete.
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Extension of Assouad

0O0000e00000000

Example: covariance matrix estimation

m Let Z = (2;;) be m x n matrix.
m Matrix ¢, norm: for 1 < g < oo

121l = max [|Az]].

=llq=1

m Special cases:
m Spectral norm || Z]|, =: ||| Z]||: square root of the largest
singular value of Z*Z
m Matrix £; norm |[|Z||; = max; Y, |2 ;|: maximum absolute
column sum
m Go(k) = matrices with at most k& + 1 nonzero elements on
each row/column.
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Extension of Assouad

0O00000e0000000

(4) Sparse covariance matrix estimation (Cai & Zhou, 2012)

Suppose we have an i.i.d. sample X; from p variate Gaussian
with a covariance matrix . Assuming a sparse 3 (at most
k(< Mn'/?(logp)~3/2) + 1 nonzero elements on each row and

column),

1
sup EE‘HE ZH’ >C <k2 ng)
YeGo(k) n
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Extension of Assouad

0000000800000 0

Using Le Cam I

m Construct X, = Ipxp + €Z, for a € {0,1}, where

0O a --- a 0

a 0 -~ 00
Zo=1 4 0 0 0
0 0 0

where the number of « in the first row (and column) is k.
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Extension of Assouad

00000000 e00000

Using Le Cam I

m (loss cond.) [|Z1 — Zo||? = €| 21> ~ ke

m Useful facts: Let g; be the density function of N,(0,%;) for
1 =0,1,2. Then

. ~1/2

/9;*;’2 — [det (I — S52(21 — Zo) (82 — %0))] 2.

m (testing cond.)
X2 (Po,Py) = [det(I — €2Z3)]
gives ke? ~ 1/n (not enough!).

T (1 - k)2 -1
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Extension of Assouad

0000000008000 0

Using Assouad I

m Construct X, = Ixp + €Z, for a € {0,1}™, where

0 a1 -+ a3 O
a; 0 @y - g
a3
Ze=|a ¢+t 0 0
0 ap : 0 0

where the number of oy in the first k£ row (and column) is
k/2. Let m ~ k.
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Extension of Assouad

0000000000800 0

Using Assouad I

n (loss cond.) 1S — Sall” = l1Za — Zsll? ~ ke2lla — Bll
m (testing cond.) For a, 8 s.t. ||a — Bllo =1,

TV?(Qa,Qs) < 2KL(Qq,Qs) Pinsker ineq.
=n [tr(Eaﬁgl) —log det(EaZgl) - p} .

Write ¥, — X3 =: Dy, then
TV(Qa, Qs) < 1 [tr(D135") — log det(D135" + Iyy) | ~ nke.

m Thus, the lower bound is k/n (not enough!).
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Extension of Assoua

0000000000080 0

Using Assouad II

m For convenience, let p be even and let m = p/2.

Y- AL
_ _ Y2 A2
m Consider the index a = (y,\) = ) where
VWL'Anz
vi € {0,1} and A; € {0,1}™ where each \; has k nonzero

elements.

m Let A be the set of all elements A so that the each column
sum of A is less than or equal to k.

m Define Z, = a where ao = (7, ) with v € (0,1)™ and A € A.
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Extension of Assoua

000000000000 e0

Using Assouad II

m Construct X, = I, + € ( Op/2§p/2 Za > .
Za 0p/2><p/2 PXp

m One possible Z, would be like this:

O m -~ 0 m
2 0 -2 0
0 v :0

Y+l v+ P 0 v
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Extension of Assouad

0000000000000

Using Assouad II

m (loss cond.)
262
IS0 = Sall* = €1 Za — ZslI* ~ E=H(v(@),7(8))-
Indeed, let v = 1, /211<i<p) € {0, 1}7, then
| (Za — Zg) v||3 = H(v(a),(8))k*. Since [[v|]3 =m = p/2,

(Zo = Z5) VI3 _ H(x(0),1(8)(h)*
VB T a2

2o ol
%0 = Spll* > ¢

m (testing cond.) By taking €2 ~ logp/n, we can bound the
affinity bounded away from zero. This gives the lower
bound @. For more details, see the proof of Lemma 6
of Cai and Zhou(2012).
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Extension of Fano

Extension of Fano
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Extension of Fano

9000000000000 00
Preliminaries

m f-divergence: for a convex function f : [0,00) = R
satisfying f(1) =0

D; P10 = [ 1(55) @

m f(z) = zlogx gives KL

m f(z) = 2% — 1 gives Chi-squared

m f(x) =1— /x gives Hellinger (times half)

m f(z) =|z—1|/2 gives TV.

mflz)=2'-1(1>1,1+#2).

t R(O,0) = supyco EL(6,0) = supycg EL(p(6,H)), where
¢ :]0,00) — [0,00) is a nondereasing function and p is a
metric on ©.
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Extension of Fano Non finite

O®0000000000000

Theorem: Fano’s Lemma II (Guntuboyina, 2011)

Let

m Np(n): alower bound on the n-packing number of the
metric space (0, p)

m N (¢, Po): an upper bound on the € covering number of
the space {Pg} (using f-divergence distance).

Then
R(@, 0) > sup 6(77/2) (1 - *) )
7n>0,e>0
where * is one of the followings:

n log 2+log N i 1 (€,Po)+€2
log Npp(n)

1 (14+€?)N..c(e,Peo)
N TV N

€2 € -1\ 1/1
for 1> 1,1 £ 2, (hyer + EelRe) )
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Extension of Fano
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Remarks

m Yang and Barron(1999) gives suboptimal lower bound on
the minimax risk in many parametric problems.

m Finite dimensional situations can be dealt with the current
approaches.

m This implies that global packing and covering
characteristics are enough to obtain optimal minimax lower
bounds.

11
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Extension of Fano
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(5) Example: location normal (revisited)

Let X1,...,X, ~ N(0,1) where © = [a,b] € R where
—00 < a < b < 0o. Prove the minimax lower bound under the
squared error loss by YB method (i.e. Fano’s II (1)) and Fano’s
11 (2).
m Note that KL(Py,Py/) = %(9 - 9/)2 and
X2(Py, Py) = exp(n(d — 6)%) — 1. Thus

e/n e/

Nc,KL(G,PQ) = T, Nc,C(E,PG) = m

m Also since we use the Euclidean p,

/

c
Ny(n,0)=—
p(’l ) 1
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Extension of Fano

0O000@0000000000

(5) Example: location normal (revisited)

m (1) gives the lower bound

n? <1 log 2 + log(cy/n/e) + 62>
log(¢'/n) '
Optimize with respect to € by taking € = €1 € [0, o], then
we need to take n ~ 1/4/n, where the second term is of
order 1/(logn).
m (2) gives

2)
sup 1— = —\/nvn _cdre)
77§7707€S50 \/log + €2

Optimize again by taking € = ¢g, then we need to take

1 = ¢1/y/n, where the second term is bounded away from
zero, which gives the lower bound ~ 1/n by taking ¢;
sufficiently small.

sup
n<no.e<eo 4
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Extension of Fano
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Proof of Theorem: Start with the same definition of
Z = argminjcy L(0,0;) =: j, and use (as in the proof of Fano I)

> ) > ) >
R(©,0) > I}leaj(EgL(ej,a)_é(Q)I}leaX]P(Z#] o= ;wj (Z #75),

by bounding the max by some average, where w; = w{j} is the prior
on J. For any j € J, we have

> wiPi(G#§) =1-Y wPi(j =)

jeJ jeJ

ﬂ*Z%/U‘ﬂM)WU

jeJ

= 1= [ W@ @ntz)
>1- /Xmax {wjpj(x)}du(z) =: Ty

jeJ

Let 7 be 7, when w is the uniform on {1,..., N} where |J| =
14 / 60



Extension of Fano Non finite
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Lemma: Bounding testing risk (Guntuboyina, 2011)

Suppose f : [0,00) is a differentiable convex function and let

Na
9(a) = F(N(L - ) + (N = )f (=)
Then,
for every probability measure @) on Y,
> Ds(BillQ) = g()-
JjeJ
for every a € [0,1 — 1/N], we have

infq 3 je; Dr(FillQ) — 9(a)

Tw=>T2>a+ g/(a)




Extension of Fano
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Proof of (2) in Fano’s Lemma II.
Let f(z) = 2? — 1, then D¢(P||Q) = [ p?/q — 1. Note that
3 2
@) = 5 (1— 4 —a)”

. 2
g Using Lemma (1), deJX (P|Q) > ]\],\731 (1-%—Tw) .
Since r <1—1/N! and N3/(N — 1) > N2,

F>1— 11 infg >, x*(F511Q)
- N VN N :

'Indeed, 1 — + [ max;es pjdu(z) <1—1/N.
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Extension of Fano
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Proof of (2) in Fano’s Lemma II.

Fix € > 0, and use the definition of N, (e, ©) to get a
finite set G and probability measures Q’s s.t.
supy mingeq x> (P, Qx) < €.

Check 2

infg ZjeJ XQ(Pja Q)

: 2
N < o (14 mapin, Q) -

<Nec(l+€) -1
where N, ¢ = |G|. Then the proof of (2) is done.
cf) YB uses

info > e, KL(P;, Q)
< i 0.
~ <log Nexr + r;lea}( Lrgg KL(Pj,Qy)

2See Theorem 3.1 & Example I11.3 in Guntuboyina(2011).

1
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Extension of Fano
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Proof of Lemma: Fix a probability measure (). First, assuming
(1), we prove (2). That is, 3, ; Df(F;||Q) > g(F). Since f is
convex, g is also convex. Hence, for every a € [0,1 — 1/N],

9(r) = g(a) + g'(a)(T — a).

Also

Convexity of g gives ¢'(a) < ¢'(1—1/N)=0fora<1-1/N.
Rearranging the above, we have proved the claim.

18 / 60



Extension of Fano
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Proof of Lemma (1): Start with a simple inequality for nonnegative
numbers a;,j € J with 7 := arg max;cj{w;a;}.

> wiflag) =w,flar) + (1 —w) Y

jeJ J#T

By convexity,

w; W _ E:j g Wi — Wrar
Zl—wff(aj)zf Zl—wTaj _f< : 1—w, )

J#T J#T

Apply the inequality to a; := p;(x)/q(x) for x € x s.t. g(x) > 0. Let
T(z) = argmax;es w;p;(z) so that 7 = T'(x) and
T =1— fX wT(z)pT(z)du(x). Then

Sy () 5 g (221D

= q(z) q(z)

pi(z) _ PT(x) (%)

v (1 - wT(””>>f(Zj€ijql(giw;Z(m) 6] ) — (1) +(2)

19 / 60



Extension of Fano
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Continue: We integrate the above with respect to Q. 3
m LHS is ) ey wj Dy (P5]|Q)-

f Wy (z) f <qu(f; ) q(z)du(zx). Let Q be the prob
measure on X havmg the density
q(x) = wr(s /f W () dQ(z) =t wr(z)q(z)/W. Then

D= [ s (pT;j;(f)> du(z)
2w ([ )

wi(5E).

3Recall 1 — 7, = fX WT () PT () A1 (T).-

50/ 60



Extension of Fano
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Continue: We integrate the above with respect to Q. 4
m LHS is ZjeJ w; Dy (P5]|Q).
m Similarly, (2) > (1 — W)f(lf“f/v)

m When w is the uniform probability on J, then W = 1/N,
which gives

1 1 _ 1 T

N KZ;DAPjn@) > G NA=m)+ (= DI G
hence,

KZJDf(PjHQ) > JNO =7+ (N =1 () = (7).

4Recall 1 — 7y = fX WT () PT () A1 (T).-
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(6) Example: d-dimensional normal mean

Let X ~ Ny(0,0%1;) where § € © with © being the ball of
radius I' centered at the origin. Use squared error loss and
let p be the Euclidean distance on RY.

x*(Pg,Pyr) = exp(|6 — 6']*/o?) — 1.

Volume argument gives

r\* 37 ‘
M= (5] Necl = (U o 62)>
where o4/log(1 + €2) <T.

m Calculations in Fano’s II (2) give the lower bound do?.
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Volume argument:
Bound N,(n) below.

Np(n) > Ne(n).

For any 7 covering set, © is contained in the union of the
balls of radius 7 with centers in the covering set.

Volume of ©® must be smaller than the sum of the volumes
of these balls.

Hence N, (n) > (I'/n)?.

Bound N, ¢ (€, Po) above.

Note x?(Py, Pyr) = exp(p*(6,0')/0*) — 1

X2(Py, Pyr) < 2 iff p(0,0') < o+/log(1 + €2) =: €

This implies N. ¢ (€, Po) < Nc(€,0)

Nec(€,0) < N,(¢). For any € packing set, the balls of

radius €’/2 with centers in the packing set are all disjoint
and their union is contained in the ball of radius I" + €’/2

centered at the origin. Thus
Np(€') < (1+(2T/€))? < (3T/€)".
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Non finite case
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Two fuzzy hypotheses I (Tsybakov §2.7.4)

Construct Ag € 0, A4; € © and consider two priors g and 7y
supported on Ag and A;. Let Q;(S) = [ Py(S)dn; for j =0,1.
Suppose we estimate 7'(6) and

dceR, s>0,0< by, 01 <1 s.t.
7T0(T(¢9) SC) Z 1—ﬁ0, 7T1(T(9) 20+25) Z 1—,61.

V(Qo, Q1) <a< 1.

Then for any estimator T,

sup Eg|T — T(0)| > & (1 —a—fo _Bl) :

9cO 2




Non finite

[o] Jeje]ele]

Ideas in the proof:
2R(©,T) = sup Eg2|T — T(6)]
> [ Balf - T(O)dma(6) + [ EalT - T(O)ldm(6) = (1) + (2),

where

(1) i= [ BolT = T@)ldmo(6) = [ BolT = TO)L 75157010y dm0(6)
> (/Pe(f > ¢+ 8)dmo () — Bo>

(2)i= [ BolT = T0)ldma(6) = [ BolT = TO)Lzcc1570150120471(6)
> 5 (/PQ(T < ¢+ 8)dm (6) — /31> .

Suffices to bound Qg fo + Q1 (1 — fo) from below.
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Two fuzzy hypotheses II (Cai & Low, 2011)

Construct Ag € 0, A; € © and consider two priors g and 7y
supported on Ay and A;. Let Q;(S f Py (S)dm;(0) for
i =0, 1. Suppose we estimate T'(0) and let m; = f T )dm; (0
and v = [(T(0) — m;)?dm;(0).

Suppose |m; — mg| > vox?(Qo, Q1).
Then

- o — (Jm1 — mo| — vox*(Qo, Q1))?
SESEH(T TO)" 2 (x?(Qo, Q1) + 2)?
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Non finit:
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Proof ideas:

m Supremum risk is bounded by the average:

sup B (7' — T(0))2(+) > / By (T — T(8))2(Adro + (1 — N)dmy)
0cO

m If [Eo(T —T())duo < €2, then

/ Eo(T — T(0))3dm, > / (EoT — T(6))%dm,
> max(m; —mo — vox? — (x? + 1)e,0)? =: (i).
m Then®,
(*) = A + (1= A) x (4)
is minimized at €*, and by plugging in this €* and optimizing

w.rt. A= XFL we get the lower bound
.I.t. NETT g .

SFor the proof of (i), see the proof of Theorem 2-of Cai and-Low {2011)
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Example

Non-smooth functional (Cai & Low, 2011)

Let Y; ~ N(6;,1) and our interest is to estimate
T(0) = 15" | 16;] assuming |0;| < 1. Let

n

© ={0=(61,...0,),|0i] <1}. Then

R log 1 2
inf sup E(T — T(6))? 2 62 (ﬂ) .
T 6cO logn
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m Use the existence of ug and p; on [—1,1], for any k € N
m 4o and p; are symmetric around 0.
m [t (dt) = [tue(dt), for 1 =0,..., k.
m [ [t (dt) — [ |t|uo(dt) = 26), where 0 ~ k=1 (14 o(1)).
m Jj: distance (uniform norm) on [—1,1] from f(z) = |z| to
the space of polynomials of no more than degree k.
m Let mo = pg, m = pf.
m Note
m1 —mg = Ex, T(0) — Ex,T(0) = E,,; 01| — Eyl0o| = 26k,
and

1 1
VZ-2 = EFO(T(H) - m0)2 = ﬁEuo(wl’ - Euo|91’)2 < n

m By choosing k ~ logn/loglogn, we can bound x2(Qq, Q1)
as small as possible.
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