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Generalization error and Rademacher complexity

• W : parameters of DNN. D: Training data.

• For every margin γ > 0, w.p. at least 1− δ, every f ∈ F satisfies

Pr

[
arg max

i
f (x)i 6= y

]
≤ R̂γ(f ) + 2<

(
(Fγ)|D

)
+ 3

√
log(2/δ)

2n

where R
(
H|D

)
:= 1

n
E suph∈H

∑n
i=1 εih (xi , yi ) is the Rademacher

complexity. (Bartlett, 2017)
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Generalization error bound
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Introduction

• Compress Deep Net
• Low memory - available at small devices
• Restriction may give better prediction

• Suggest compression algorithm and generalization error of compressed
network

• Compress width, not depth
• Appliable to CNN and skip connection net
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Notation

• Small letter is a vector, Capital letter is a matrix

• At first, consider fully connected net with training data D = {(xi , yi )}ni=1

• f (x) =
(
W (L)η(·) + b(L)

)
◦ · · · ◦

(
W (1)x + b(1)

)
where

W (`) ∈ Rm`+1×m` , b(`) ∈ Rm`+1 , and η is an activation function.

• f̂ : trained network with data D. ˆmeans trained.

• F̂`(x) =
(
Ŵ (`)η(·) + b̂(`)

)
◦ · · · ◦

(
Ŵ (1)x + b̂(1)

)
: subfunction of f
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Compression algoriothm

• Let φ(x) = η
(
F̂`−1(x)

)
∈ Rm` be the input to the `-th layer.

• (width) Compression: Choose J ∈ [m`] := {1, . . . ,m} s.t.
φJ(x) = (φj(x))j∈J ∈ R|J| mimics φ(x)

• For given J, we solve

ÂJ = argmin
A∈Rm

`
×|J|

Ê
[
‖φ− AφJ‖2

]
+ ‖A‖2w

where ‖A‖2w = Tr
[
AIwA

>] for a regularization parameter w ∈ R|J|+ and
Iw = diag(w)

• Solution is

ÂJ = Σ̂F ,J

(
Σ̂J,J + Iw

)−1

where Σ̂ := Σ̂(`) = 1
n

∑n
i=1 η

(
F̂`−1 (xi )

)
η
(
F̂`−1 (xi )

)>
and

Σ̂I ,J =
(

Σ̂i,j

)
i∈I ,j∈J
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Input aware

• Loss of J: Similarity between output of compressed model and
original(trained) model.

L(A)
w (J) = max

z∈Rm
`:‖z‖≤1

min
a∈Rm`

Ê

[(
z>φ− a>φJ

)2]
+
∥∥∥a>∥∥∥2

w

=

∥∥∥∥Ê [(φ− ÂJφJ

)(
φ− ÂJφJ

)>]
+ ÂJ Iw Â

>
J

∥∥∥∥
op

where ‖ · ‖op is the spectral norm.
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Output aware

• Loss of J: Similarity between `+ 1-th layer of compressed model and
original(trained) model.

L(B)
w (J) = max

‖u‖≤1
min

a∈Rm`
Ê

[(
u>Z`φ− a>φJ

)2]
+
∥∥∥a>∥∥∥2

w

=

∥∥∥∥Z` [Σ̂F ,F − Σ̂F ,J

(
Σ̂J,J + Iw

)−1

Σ̂J,F

]
Z>`

∥∥∥∥
op

• Use convex combination of both criteria for a hyper parameter 0 ≤ θ ≤ 1
as

θL(A)
w (J) + (1− θ)L(B)

w (J)
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Practical algorithm

• Forward selection can reduce calculation.

• Bu setting w = 0, we can fine J by

min
J⊂{1,...,m`}

|J| s.t.
Tr
[(
θI + (1− θ)Z>` Z`

)
Σ̂F ,JΣ̂−1

J,JΣ̂J,F

]
Tr
[(
θI + (1− θ)Z>` Z`

)
Σ̂F ,F

] ≥ α

for a pre-specified α > 0.

• For a convolution net, it can be applied by replace width with number of
kernels.
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Generalization error bound

• f̂ : Optimal. ∃ζ̂ ≥ 0 s.t. L̂(f̂ ) ≤ minf∈F L̂(f ) + ζ̂ holds almost surely.

• f # compressed model.
(
m#
`

)L
`=1

: width of f #.

• Support of input variable is compact and its `∞-norm is bounded as
‖x‖∞ ≤ Dx .

• True function: f ◦
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Generalization error bound

• Letλ` = inf
{
λ ≥ 0|m#

` ≥ 5N̂`(λ) log
(

80N̂`(λ)
)}

. If θ = 1 and noise is

small, then

∥∥∥f # − f ◦
∥∥∥2
L2

.

(
L∑
`=2

√
λ`

)2

+
1

n

L∑
`=1

m#
`+1m

#
` log(n)

uniformly over all choices of m# =
(
m#

1 , . . . ,m
#
L

)
w.p. 1− 5e−t
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Trade-off of compression

• If compress model strongly,
(
m#
`

)L
`=1

became smaller and λ` became

larger, vice versa

• We can choose
(
m#
`

)L
`=1

in a data dependent way to minimize

generalization error bound (a posteriori)
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Generalization error bound of original network

• If for a validation data (x ′i , y
′
i )

nval
i=1 , the validation error for f̂ is smaller than

that for f # up to qn ≥ 0, i.e.

1

nval

nval∑
i=1

(
y ′i − f̂

(
x ′i
))2
≤ 1

nval

nval∑
i=1

(
y ′i − f #

(
x ′i
))2

+ qn,

then there exist constant C s.t.∥∥∥f̂ − f ◦
∥∥∥2
L2
≤ C

(∥∥∥f # − f ◦
∥∥∥2
L2

+
σ2 + R̂2

∞

nval
t

)
+ qn

where σ: true noise and R̂∞ := max
{
RLDx +

∑L
`=1 R

L−`Rb, ‖f ◦‖∞
}

.
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Eigenvalue and Complexity

Simple Data needs small non-singular values of parameter.
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Performance
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Comparison
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